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Abstract 

We classify a large class of Z^-actions on the Kirchberg algebras employing the 
Kasparov group KK^ as the space of classification invariants. 

1 Introduction 

Separable purely inhnite simple nuclear C*-algebras are said to be Kirchberg algebras. 
They form one of the most prominent classes of C*-algebras from the viewpoint of classi- 
fication, and they are completely classified by KK-theoxy (see [12], |22j . and [25]). In this 
respect, they are compared to AFD factors, whose classification result is already classics in 
operator algebras. For AFD factors, their symmetries are also well-understood, namely, a 
complete classification is known for actions of countable amenable groups on AFD factors. 
However, classification of group actions on C*-algebras is still a far less developed subject, 
partly because of iT-theoretical difficulties. 

For Kirchberg algebras, H. Nakamura [20] showed that aperiodic automorphisms are 
completely classified by their KK-c\asses up to, what we call, i^ET-trivial cocycle conju- 
gacy He followed a strategy developed by Kishimoto [15], [16] in the case of AT-algebras, 
and one of the main ingredients of the proof is the Rohlin property (see the review paper 
[7] for the outline of the strategy). While Nakamura's result can be considered as clas- 
sification of outer actions of the integer group Z, the Rohlin property is also formulated 
for finite group actions. In ^ and [9], the first-named author completely classified finite 
group actions with the Rohlin property on Kirchberg algebras. However, unlike the Z 
case where the Rohlin property is automatic, there are several outer finite group actions 
without the Rohlin property. 

One of the purposes of this paper is to develop classification theory of discrete amenable 
group actions on the Kirchberg algebras. However, we should admit that this is too 
ambitious a goal now. The difficulties in the finite group case, in contrast to the Z case, 
are rather common in topology. For example, it is well-known that the classifying space 
of a non-trivial finite group is never finite dimensional while that of Z is a nice space 
T = R/Z. To avoid this kind of difficulties, in this paper we work on the Z^ case as a first 
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step beyond the Z case. Indeed, the second-named author has akeady obtained successful 
results on classification of Z^-actions on the UHF algebras [11] and Z^-actions on the 
Cuntz algebra O2 [18] . 

General outer actions of 1? on the Kirchberg algebras are still out of reach, and we con- 
centrate on locally KK-ii\Y\al actions in this paper; we assume that each automorphism 
appearing in the actions has the trivial Xi^-class. Then the only remaining classification 
invariant should be a global one. It turns out that such an invariant is identified with 
an element of the Kasparov group KK^, and it is indeed a complete invariant (Theorem 
18. 6p . For example, our main theorem says that there are exactly n — 1 cocycle conjugacy 
classes of outer Z^-actions on the Cuntz algebra On for finite n. 

We briefly describe the basic idea of our approach now. For an outer Z^-action a on a 
Kirchberg algebra A, Nakamura's theorem says that the automorphism a(i,o) is completely 
characterized by its KK-class. Therefore our task is to classify the other automorphism 
0(0,1) commuting with the given fixed one a(i,o)- This problem is more or less equivalent 
to classifying the automorphisms of the crossed product A Xa^j qj Z commuting with the 
dual T-action. Roughly speaking, this means that for classification of Z^-actions it suffices 
to develop a T-equivariant version of Kirchberg and Phillips' characterization of the KK- 
theory of Kirchberg algebras, and a T-equivariant version of Nakamura's classification 
theorem of aperiodic automorphisms. Of course, this is not possible for a general T- 
action. However, for an asymptotically representable action of a discrete amenable group 
r, we can prove the F-equivariant versions for the crossed product by F equipped with the 
dual coaction. As a byproduct, we can show a uniqueness result for outer asymptotically 
representable actions of Z^ on Kirchberg algebras (Theorem 16. 6p . For algebras with 
sufficiently simple K-theory such as the Cuntz algebras O2 and Ooo, every outer Z^- 
action turns out to be asymptotically representable, which implies the uniqueness of the 
cocycle conjugacy classes of outer Z^-actions on these algebras. This is a generalization 
of the main result in [18] , and our proof is new even in the case of O2 ■ 

The price we have to pay for working on the crossed product Ay^^^i o) ^ is that we need 
to show a second cohomology vanishing theorem for cocycle Z^-actions (Theorem 17. lip . 
In the case of von Neumann algebras, this is known to be one of the standard steps toward 
classification results for group actions. To overcome the problem, we follow Ocneanu's 
idea in the von Neumann algebra case though we need a special care of X-theory in our 
setting. 

The authors would like to thank Akitaka Kishimoto, Sergey Neshveyev, and Toshihiko 
Masuda for stimulating discussions. 

2 Preliminaries 

We denote by IK the C*-algebra of all compact operators on ^^(Z). For a C*-algebra A, 
we write the multiplier algebra of A by M{A). We let U{A) denote the set of all unitaries 
of M(A). For u E U{A), the inner automorphism induced by u is written by Adu. 
An automorphism a G Aut{A) is called outer, when it is not inner. An automorphism 
a G Aut(^) is called aperiodic, when a" is outer for all n G N. A single automorphism 
a is often identified with the Z-action induced by a. The quotient group of Aut(A) by 
the inner automorphism group is denoted by Out(A). For a,b A, we mean by [a, b] the 
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commutator ab — ha. For a Lipschitz continuous map / between metric spaces, Lip(/) 
denotes the Lipschitz constant of /. 

Let A, B and C be C*-algebras. For a homomorphism p : A ^ B, K^ip) and Ki{p) 
mean the induced homomorphisms on ivT-groups, and KK{p) means the induced element 
in KK{A,B). We write KK{idA) = U- For x G KK{A,B) and i = 0,1, we let Ki{x) 
denote the homomorphism from Ki{A) to Ki{B) induced by x. For .x G KK{A, B) and 
y € KK{B, C), we denote the Kasparov product by x • y € KK{A, C). When both A and 
B are unital, we denote by Hom(A, B) the set of all unital homomorphisms from A to 
B. Two unital homomorphisms p, cr G }lom{A, B) are said to be asymptotically unitarily 
equivalent, if there exists a continuous family of unitaries {ut}te[o,oo) such that 

p{a) = lim Adut{a{a)) 

t— >oo 

for all a e A. When there exists a sequence of unitaries {un}nef^ i^i such that 

p{a) = lim Adunicria)) 

n— >oo 

for all a (z A, p and a are said to be approximately unitarily equivalent. 

Let G be a countable discrete amenable group. The canonical generators in C*{G) is 
denoted by {XgjgfzQ. The homomorphism Sq ■ C*{G) C*{G) (g) C*{G) sending \g to 
\g (g) \g is called the coproduct. Let a : G r\ A he asi action of G on a C*-algebra A. 
When Ug is outer for all (7 € G except for the neutral element, the action a is called outer. 
We let A'^ denote the fixed points subalgebra of A. The canonical implementing unitaries 
in the crossed product C'*-algebra A ><„ G are written by {A°}ggG- The dual coaction a 
of a is the homomorphism from ^ xIq G to (A G) C*{G) defined by 

a{a) = a (g 1 and a{Xg) = \g \g 

for a G A and g E G. 

Definition 2.1. Let a : G A and (3 : G r\ B he actions of a discrete group G on 
G*-algebras A and B. 

(1) We say that a is locally ifiC-trivial, if KK{ag) = 1a for all g E G. 

(2) The two actions a and /3 are said to be conjugate, when there exists an isomorphism 
IJ. : A^ B such that ag = jjT^ o figO jj, for all g E G. 

(3) The two actions a and (3 are said to be outer conjugate, when there exist an 
isomorphism n : A ^ B and a family of unitaries {ug}g^G in M{A) such that 
Ad Ug o ag = iJ,~^ o f3gO jj, for all g E G. 

(4) A family of unitaries {ug}g^G in M{A) is called an a-cocycle, if one has Ugag{uh) = 
Ugh for all g,h e G. When {ug}g is an a-cocycle, the perturbed action : G A 
is defined by = Ad Ug o ag. 

(5) The two actions a and f3 are said to be cocycle conjugate, if there exists an a-cocycle 
{ug}g^G in M{A) such that a" is conjugate to /?. 
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(6) The two actions a and (3 are said to be strongly cocycle conjugate, if there exist an 
a-cocycle {ug}g^G iii M{A) and a sequence of unitaries {vn}^=i in M{A) such that 
a" is conjugate to (3 and hm^-jooHup — i;„ag(u*)|| = for all g E G. 

(7) Suppose A equals B. The two actions a and (3 are said to be ICii'-trivially cocycle 
conjugate, if there exist G Aut(^) with KK{ijl) = 1 and an a-cocycle {ug}g^G in 
M{A) such that = fi^^ o (3g o fi for all g £ G. 

(8) Suppose A equals B. The two actions a and (3 are said to be strongly Xi^-trivially 
cocycle conjugate, if there exist /j, and {ug}gQG as in (7) such that there exists a 
sequence of unitaries {vn}^=i in M{A) satisfying limn-^ooHwg — f„ag(f*)|| = for 
all geG. 

Let a and (3 be actions of a discrete group G on unital C*-algebras A and B, respec- 
tively. We let HomG(^, B) denote the set of all p G Hom(^, B) such that p o Ug = l3g o p 
for every g £ G. Two homomorphisms p,cr £ HomGr(A, B) are said to be G-asymptotically 
unitarily equivalent, if there exists a continuous family of unitaries {itt}tg[o,oo) such 
that 

p{a) = lim Ad 'Ut(cr(a)) 

for all a G A and 

lim \\ut - Pg{ut)\\ = 

t^oo 

for all g E G. In an analogous way, one can define G-approximately unitarily equivalence. 

We let Hom^(^ xi^ G, B XpG) denote the set of all p G Hom(^ xi^ G, S G) such 
that 

(p(^idc.(G)) o" = P°P 

and let Autg(A Xq, G) = Hom(A,(A xIq G,A xIq G) n Aut(^ G). Two homomorphisms 
p,a £ Homg,(^ Xa G, S x^ G) are said to be G-asymptotically unitarily equivalent, if 
there exists a continuous family of unitaries {ut}t^[o^oo) ^ such that 

p{x) = lim Adut{cr{x)) 
t— >oo 

for all a; G ^ Xq, G. In an analogous way, one can define G-approximately unitarily 

equivalence. 

Next, we give the definition of asymptotic representability of group actions. 

Definition 2.2. Let G be a countable discrete group and let A be a unital G*-algebra. An 
action a : G r\ A is said to be asymptotically representable, if there exists a continuous 
family of unitaries {i'g(i)}tG[o,oo) in U{A) for each g E G such that 

lim \\vg{t)vh{t) - Vgh{t)\\ = 0, 

t— +00 

lim \\ag{vhit)) - V hg-i{t)\\ = 0, 

and 

lim \vg{t)avg{t)* - ag(a)\ = 

t— »oo 

hold for all g,h E G and a E A. 
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Approximate representability is defined in an analogous way (see [SI Definition 3.6]). 

We now recall the definition of cocycle actions. Let A be a C*-algebra and let G be a 
discrete group. A pair (a, u) of a map a : G — > Aut(A) and a map u : G x G ^ U{A) is 
called a cocycle action of G on A, if 

o a/i = Adu{g, h) o Ugh 

and 

u{g,h)u{gh,k) = ag{u{h, k))u{g, hk) 

hold for any g,h,k G G. A cocycle action (a, u) is said to be outer, if ag is outer for every 
g £ G except for the neutral element. Two cocycle actions (a, u) and (/?, v) of G on a 
G*-algebra A are said to be equivalent, if there exists a map w : G ^ U{A) such that 

Og = Adwi^g) o Pg 

and 

u{g, h) = ag{w{h))w{g)v{g, h)w{gh)* 

for every g,h £ G. 

Let A be a separable G*-algebra and let a; G /?N \ N be a free ultrafilter. We set 

c^{A) = {{an) e£°^{n,A) I lim||a„|| =0}, 

A'^ = i°^{n,A)/d^{A). 

We identify A with the G*-subalgebra of A^ consisting of equivalence classes of constant 
sequences. We let 

A^ = A'^n A'. 

When a is an automorphism on A or a (cocycle) action of a discrete group on A, we can 
consider its natural extension on A^ and A^^. We denote it by the same symbol a. 

A simple G*-algebra A is said to be purely infinite, if for every nonzero elements 
x,y (z A, there exist a,b (z A such that y = axb. There are various remarkable properties 
fulfilled by purely infinite C*-algebras [3j, and we use them freely in the sequel as far as 
they are found in [25, Chapter 4]. Note that if A is purely infinite and simple, then so is 
A^ . A purely infinite simple unital G*-algebra is said to be in the Cuntz standard form, 
if [1] equals zero in Kq{A). The following fact is also used frequently. 

Theorem 2.3 ([17', Lemma 10]). Let a : G r\ A be an outer action of a countable discrete 
group G on a unital purely infinite simple C* -algebra A. Then, the reduced crossed product 
C* -algebra A XaG is also purely infinite simple. 

A simple purely infinite nuclear separable G*-algebra is called a Kirchberg algebra. 
We recall several facts from the classification theory of Kirchberg algebras mainly due to 
Kirchberg, Phillips and R0rdam. 

Theorem 2.4 ([12].p^ Proposition 1.4]). Let A be a unital purely infinite simple C*- 
algebra and let C C A be a unital separable subalgebra. For any nuclear unital completely 
positive map p : G ^ A, there exists a sequence of nonunitary isometrics {sn}'^=i in A 
such that p{x) = lim^^oo Sn^s„ for all x £ G. 
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Theorem 2.5 ([131 Proposition 3.4]). When A is a unital Kirchberg algebra, is purely 
infinite and simple. 

Theorem 2.6 ( [22\ Theorem 4.1.1]). Let A be a unital separable nuclear simple C* -algebra 
and let B be a unital separable C* -algebra that satisfies B = B ® Ooo- 

(1) For every x € KK{A,B) satisfying i^o(a;)([l]) = [1], there exists p € iiom{A, B) 
such that KK{p) = x. 

(2) If p,a G Hom(yl, i?) satisfy KK{p) = KK(a), then p and a are asymptotically 
unitarily equivalent. 

We next summarize a few results of |20j . 

Theorem 2.7. Let A be a unital simple separable C* -algebra and let a € AMt{A) be an 
outer automorphism. Then, the extensions of a to A^ and A^^ are both outer. 

Proof. This follows from [20^ Lemma 2] and its proof. □ 

Theorem 2.8 ( |20l Theorem 1]). For an automorphism a of a unital Kirchberg algebra 
A, the following conditions are equivalent. 

(1) a is aperiodic, that is, ol"" is outer for every n gZ \ {0}. 

(2) a has the Rohlin property. 

Theorem 2.9 ( [20^ Theorem 5]). Let A be a unital Kirchberg algebra and let a, l3 Aut{A) 
be aperiodic automorphisms. The following are equivalent. 

(1) KK{a) = KK{(3). 

(2) a and (3 are KK-trivially cocycle conjugate. 

As an immediate consequence of the theorem above, we have the following. 

Lemma 2.10. Let Abe a unital Kirchberg algebra and let a be an aperiodic automorphism. 
The following are equivalent. 

(1) KK{a) = U. 

(2) a is asymptotically representable. 

Proof. (2)=^(1) is trivial, and so we show the other implication. If KK{a) = by 
Theorem 12.91 the automorphism a is cocycle conjugate to an automorphism of the form 

oo oo 

(idA (g) Ad n„, ^ (g) Ooo), 

n=l 71=1 

where is a unitary in Ooo with finite spectrum, which shows the statement. □ 
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3 Equivariant Kirchberg's theorem 

Throughout this section, let A denote a unital Kirchberg algebra and let a : G r\ A he 
an approximately representable outer action of a discrete countable amenable group G. 
We show an equivariant version of Theorem 12.41 and 12.51 In what follows we often regard 
^'^XqG asasubalgebraof (^XaG)"^ and identify (^^)" with ^'^n(A x^G)' C (Ax„G)'^. 

Theorem 3.1. Let C C A^ be a unital separable nuclear globally a-invariant C* -subalgebra. 
For any p € HomG'(G, ^4'^), there exists an isometry s G [A^)'^ such that p{x) = s*xs for 
all X (z C. 

Proof. We regard G xIq, G as a subalgebra A'^ G. We let p : G x^ G ^ ^4*^ x^ G 
denote the extension of p determined by p(A°) = \g for all g G G. 

It suffices to show the following: for any finite subsets Fi C C, F2 C G and s > 0, 
there exists an isometry s G A^ such that 

\\p{x) — s*xs\\ < e and \\Xg — s*XgS\\ < e 

for all X ^ Fi and g (z F2. By Theorem 12.31 and Theorem 12.71 x ^ G is purely infinite 
and simple. Then Kirchberg's theorem ([12j.[13( Proposition 1.4]) shows that there exists 
an isometry t G A^ x^^ G such that 

\\p{x) — t*xt\\ < e 

for all x G -Fi U {A^ \ g F2}. Choose a unital separable a-invariant subalgebra D of A'^ 
so that C,p{C) C D and t (z D G. Since a : G r\ A is approximately representable, 
we can find a family of unitaries {wg}gQG in such that 

WgWh = Wgh, ag{Wh) = Wg^g-l 3.11(1 Ogix) = WgXWg 

for all 5, /i G G and x G -D. Define a homomorphism 

: x„ G) ® G*(G) ^ A"^ x„ G 

by 

ip{x (g) 1) = X, ip{Xg ®l) = Wg and (g) Xg) = w*gXg 
for every x G -D and g (z G. From 

\\p{x) (g) 1 - (t* (g) l)(x l){t (g) 1)11 < e, for ah x G Fi 

and 

\\^9 \ - (.t* ^ ® ^g)(.t 1)11 < e, for ah g G F2, 

one has 

\\p{x) - ip{t (g l)*xv3(t (g) 1)11 < e 
for all X G Fi U {A^ | g G ^2}- Hence s = ip{t <g) 1) G A^ meets the requirement. □ 
Corollary 3.2. (1) The C* -algebra (A'^)" is purely infinite and simple. 
(2) The C* -algebra (^4^^)" is purely infinite and simple. 
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Proof. We show only (2). (1) can be shown in a similar way. It is easy to verify {A^)" ^ C 
(see the proof of Proposition I3.5p . Let a S (^lj)" be a positive element of norm one and 
let C C be the C*-algebra generated by A and a. Since A is simple, C is isomorphic 
to A (^1 C*{a,l). Hence there exists a homomorphism p : C ^ A^ such that p{x) = x for 
X (z A and p{a) = 1. From Theorem 13 -H one obtains an isometry s G {A'^)°' such that 
s*xs = X for all a; € ^ and s*as = 1. For any x A, 

= \\{sx — xs)*{sx — xs)\\ = \\x*x — x*s*xs — s*x*sx + s*x*xs\\ = 0, 

and so s belongs to (A^^)". Therefore (A^^)" is purely infinite and simple. □ 

We will need the following lemma in Section 4. 

Lemma 3.3. Let e > be a positive real number and let F d A yi^G be a finite subset. 
If u : [0, 1] X [0, 1] — > U{A) is a continuous map satisfying 

\Ms,t),x]\\ < ^ 

for all X ^ F and s,t £ [0, 1], then there exists a continuous map v : [0, 1] x [0, 1] U{A) 
such that 

v{s,0) = u{s,0), v{s,l) = u{s,l), Lip(w(s, ■)) < Gvr 

and 

\\[v{s,t),x]\\<e 

for all X £ F and s,t £ [0, 1] . 

Proof. By Corollary 13.21 (2), the a-fixed point subalgebra {A^j)" of A^j contains a unital 
copy of OoQ. Therefore the assertion follows from \20\ Theorem 7] and its proof. □ 

The next lemma follows from [14^ Lemma 1.1] and [20, Lemma 3]. 

Lemma 3.4. Let {Pi} be a countable family of outer automorphisms of A. Then there 
exists a non-zero projection p £ A^^ such that p is orthogonal to (3i{p) for all i. 

The following proposition is an analogue of Theorem 4.8]. Note that we do not 
need amenability of G and approximate representability of a for this proposition. 

Proposition 3.5. Let (3 be an automorphism of A such that [3ag is not inner for all 
g £ G. Then (3 is not the identity on [A^)" . 

Proof. Let F <Z G he a, finite subset and let n € N. It suffices to construct a £ A^ such 
that 

||a|| = 1, ]|ac,(a) — o|| < 1/n and ||/?(a) — a|| = 1 

for every g £ F. 

Let Go C G be the subgroup generated by F and let Z : Go — Z be the length function 
with respect to F U F~^. Applying the lemma above to {ag \ g £ Go \ {e}} U {a^Pug \ 
g,h ^ Go}, we get a non-zero projection p £ A^ such that {ag{p), P{ah{p))}gA.eGo is a set 
of mutually orthogonal projections. Then 

^ n- min{n,/(5-)} . s . 
a = > ag{p) £ A^ 

g&Go 

is the desired element. □ 
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The following theorem is an equivariant version of [20', Theorem 1]. 

Theorem 3.6. Let (3 he an automorphism of A such that the map {n,g) i— > induces 
an injective homomorphism from Z x G to Out(yl). Then for any N £ 'N, there exist 
projections eo, ei, . . . , e^-i, fo, fi, ■ ■ ■ , fN in (^i^)" such that 

N-l N 

^ Cj + ^ /j = 1, P{ei) = Ci+i and (3{fj) = fj+i 

for all i = 0, 1, . . . , — 1 and j = 0,1, . . . , N , where cn and fN+i mean eo and fo, 
respectively. 

Proof. The proposition above shows that the restriction of /3" to {A^^)" is a non-trivial 
automorphism for every n ^ 0, and hence it is outer thanks to [20, Lemma 2]. This 
means that we can choose a Rohlin tower for (3 in (A^)°'. We omit the detail, because the 
argument is exactly the same as \20\ Theorem 1]. □ 

The following corollary is an immediate consequence of the theorem above and [19\ 
Remark 2]. See [I9l Section 2] (or [I8l Section 2]) for the definition of the Rohlin property 
of Z^-actions. 

Corollary 3.7. When G is , the action a has the Rohlin property. 

In Corollary 16.41 we will show that asymptotic representability of a is not necessary 
for the statement above. 

4 Asymptotically representable actions 

Throughout this section, we assume that ^ is a unital separable nuclear C*-algebra and 
that a is an asymptotically representable action of a countable amenable group G on A. We 
fix Vg = {vg{t))t>o € U{C^{[0, oo),^)) as in Definition 12.21 We denote the crossed product 
j4 G by i? and the implementing unitary representation of G in i? by {A^} C B. Let 
G*{G) be the group G*-algebra of G, which is generated by the left regular representation 
{\g}g^G- Let a be the dual coaction of a, which is a homomorphism from B to B®C*{G) 
determined by 

a{x) = x (g) 1 and a(Ag ) = Ag 
for X £ A and g (z G. Then a satisfies coassociativity 

[a (g) idc.(G)) o d = (ids ^6g) o a, 

where Sq : C*{G) C*{G) ® C*{G) is the coproduct of C*{G) determined by dciXg) = 

\g Xg. 

Let Co = Co([0,cx)),B) = Co([0, cx)))(g)S. We regard S as a subalgebra of C^([0, oo), 
and set to be the C*-subalgebra of C''([0, oo),B) generated by C^{[0, oo),A) and {A^}g. 
The action q of G on ^ gives rise to an action of G on G*([0, oo). A) /Gq{\0, oo),A) and the 
crossed product by G is isomorphic to /Cq in a canonical way. We denote the coaction 
of G*(G) on CV^o by . We let vr denote the quotient map vr : C'' ^ CV^o. 
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Define a unital homomorphism Lp from B ® C*{G) to /Cq by 

(^(x ® 1) = 7r(x), ip{X^(^l) =T:{vg) and 99(1 ® Ag) = 7r(u*A^) 
for X £ A and g (z G. It is easy to show tlie following. 
Lemma 4.1. T/ie homomorphism ip satisfies 

if o a = Tr\B 

and 

a°° o 99 = (99 (g) idc*(G)) ° (ids 

For simplicity, we often omit vr and identify x (z B with 7r(x) in what follows. In 
particular, one has a = a^\B. 

Since B C*{G) is nuclear, there exists a unital completely positive map <f from 
B (g) C*{G) to satisfying vr o = yj. We fix such (p. For t > 0, we set ^pt = Xt ° 'P, 
where xt '■ ^ B is the point evaluation map at t. The family {(pt}t>o is an asymptotic 
morphism from B ® C* {G) to B. 

Lemma 4.2. For any compact subsets K (Z B C*{G), K' <Z B and a positive number 
e, there exists to ^ such that the following hold for all t > to. 

(1) For all x,y e K, \\(pt{x)(pt{y) - <p>t{xy)\\ < e. 

(2) ForallxeK, \\a{^tix)) - {(pt idc*(G))i^dB <S)6g){x)\\ < e. 

(3) For all x G K' , \\(pt{a{x)) - x\\ < e. 

Proof. This immediately follows from Lemma |4.1[ □ 

Lemma 4.3. Let p be a unital endomorphism of B. Assume 

\\{kdwoao p){x) - {{p ® idc*(G)) o a){x)\\ < e, (4.1) 

||((Adu; o aop)® idc..(G))(a(2:)) - (((p ® idc7.(G)) o «) ® idc*(G)){a{x))\\ < e, (4.2) 
for some x £ B and w £ U{B ^ C*{G)). Then the following inequalities hold: 

II [(ids 05G)iw*){w l)(a idc.*(G))(u'), {{a idc.(G)) ° « ° p)ix)]\\ < 3e, (4.3) 

||(a°° o Ad (/?(!«) op)(x) - ((Ad v3(t(;) op) (gidc.(G))(a(x))|| < 4e. (4.4) 

Proo/. Prom ([i?T|) and (fOj) . we get 

||(Ad(u; (g 1) o Ad(a ® idc.(G)(^^^)) idc*(G))){a{p{x))) 

(4.5) 

- ((p«'idG*(G)®idG*(G))o(a«'idG'(G)))(a(a;))ll < 2e. 

On the other hand, applying id^ ®6g to the inside of the norm of (j4.ip and using coasso- 
ciativity, we get 

||(Ad((idB (^5g){w)) o (a ® idc.(G)))(a(p(x))) 

(4.6) 

- ((P«'idG*(G)®idG*(G)) o (a® idG'(G)))(a(2;))|| < £• 
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Then, (02]) and (gSI) imply 
Direct computation implies 

\\{a^ oAdip{w)op){x) - {{Adifiw) o p) ^ idc*(G)){a{x))\\ 
= ||Ad((v9K)®l)a-(v9H))(d-(p(x))-(p0idc,.(G))(a(x)))|| 
< e + ||Ad((v9K) ® l)d°°(v9H))(a°°(p(x)) - Adu;(d~(p(x))))|| 
= e + \\Ad{w*{^{w*) l)d-(v.M))(d~(p(x))) - d-(p(x))||, 

where we used (j4.ip . Thanks to Lemma |4.H we have 

u'*((^(u'*) l)d°°(vpH) 

= ((99d) (g) idc*(G)){w*)i^p{w*) (g) l)((v3 (g) idc.{G)) ° (ids (8)(5G))(ty) 
= (V9 (g) idc.(G))((a (g idc.(G))('«^*)(^«* ® l)(idB (g)(5G)M). 

Now Lemma liTTl and (|4.3p imply ()4.4p . □ 

Lemma 4.4. Let p be a unital endomorphism of B and let {wo{s)}s>o be a continuous 
family of unitaries in B ® C*{G) such that 

lim \\Adwo{s){a{p{x))) - (p (g) idc*(G))("(a;))|| =0 

for all X ^ B. Then we have the following. 

(1) There exists a continuous family of unitaries {w(i)}t>o in B such that 

lim \\a{{Adw{t) o p){x)) - {{Adw{t) op) <^idc*{G)){a{x))\\ = 0. 

(2) Assume further that wq{Q) = 1 and that for a finite subset F of B and a positive 
number e, the inequality 

\\[wQ{s),a{p{x))\\\ < e 
holds for all s >0 and x € -F. Then w{t) can be chosen so that w{0) = 1 and 

\\[wit),p{x)]\\ < e 

for all t >0 and x & F. 

Proof. (1) We choose an increasing sequence {-Fn}^o finite subsets of B whose union 
is dense in B. We may assume that the following hold for any non-negative integer n, 
X G Fn and s > n: 

||Ad'u;o(s)(d(p(a;))) - (p «> idG.(G))(a(x))|| < 2"", 

\\{{Adwois) o a o p) ® [dc*iG))iaix)) - (((p idG.(G)) o a) idc*{G))(a(a:)) |1 < 2"". 

We set wi{s,t) = (ptiwois)). Thanks to Lemma [4. 21 and Lemma [4.31 ^or each non-negative 
integer n, there exists tn > such that the following hold: for all t > tn, s G [n,n + 1] and 
X G Fn, we have 

\\wi{s,tywi{s,t) - 1|| < 2~", \\wi{s,t)wi{s,ty - 1|| < 2"" 
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and 

||(a o Adwi{s,t) o p){x) - {{Adwi{s,t) o p) ® idc*(G))(a(^))II < 2-"+2. 

We may assume that the sequence {t„}J^Q is increasing. Let L be the piecewise hnear 
path in [0,oo)^ starting from (0,to) and connecting the following points by line segments 
in order: 

(0, to), (1, to), (1, h), (2, ti), . . . , (n, tn), (n + 1, t„), (n + 1, .... 

Then the function ^1(5,^) is continuous on L and wi{s,t) is invertible for all (s,t) € 
L. Let / be a homeomorphism from [0, 00) onto L with /(O) = (0, to)- Then w(t) = 
''^lif i't))\wi{f {t))\~^ gives the desired family of unitaries. 
(2) Since (p o a = tt\B, we have 

\\[(p{wo{s)),p{x)]\\ < \\[wo{s),a{p{x))]\\. 

Thus the statement follows from the above construction with a slight modification. □ 

By using this lemma, we can prove the following theorem. 

Theorem 4.5. Let p be a unital endomorphism of B such that aop and {p0idc*[G)) ° ^ 
are asymptotically unitarily equivalent. Then there exists a unital endomorphism pi of B 
such that pi is asymptotically unitarily equivalent to p and 

ao pi = {pi® idc*(G)) ° 

Proof. We choose an increasing sequence of finite subsets of B whose union is 

dense in B. Thanks to Lemma [4.41 there exists a continuous family of unitaries {w{t)}t>o 
in B satisfying 

lim \\a{{Adw{t) o p){x)) - {{Adw{t) op)® idc*(G))iHx))\\ = 

for all X e B. We set = p, w^^\t) = w{t) and to = 0. 
We choose ti > such that 

\\a{{Adw{t) o p){x)) - {{Adw{t) o p)®idc*^G)){a{x))\\ < 2"! 

holds for ah t > ti and x G Fi. Let /j^^) = Adu;(°)(ti) o and u'^^\t) = w'^^\t)w^°\ti)* 
for t >ti. Then we have u^^\ti) = 1 and 

||d((Ad^x«(t) o />«)(2;)) - ((Ad7x«(t) o p«) ® idc*(G))(a(2;))|| < 2'^ 

for all t > ti and x ^ Fi. Besides, 

lim ||Q((Ad'uW(t) op«)(x)) - ((Adn(^)(t) opW) 0idc.(G))(a(2;))|| = 

holds for all X € -B. 

For t > ti, let v(^)(t) = (n(^)(t)*(g)l(7*(G))a(u^^n*))- Then {v'^^\t)}t>ti is a continuous 
family of unitaries m B ® C*{G) with v^'^\ti) = 1 satisfying 

\\[v^^\t),a{p^^\x))]\\ < 1 for all t > ti and x G Fi 
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and 

lim \\Adv^^\t){a{p'^^\x))) - {p^^'^ ^ idc*(G)){a{x))\\ = for all x e B. 

Thus thanks to Lemma 14.41 there exists a continuous family of unitaries {w^^^Hi)}t>ti in 
B with = 1 satisfying 

< 1 for all t > ti and x G Fi 

and 

lim ||d((Adu;(^)(t) o p(^))(x)) - {{kdw^^^ii) o p^^)) ® \dcHG\){^{'^))\ = for all x £ B. 

Repeating this argument, we can construct a sequence of unital endomorphisms {p'-"''}^ 
an increasing sequence of positive numbers {t„}5^Q and a sequence of continuous families 
of unitaries {{w^"'\t)}t>t„}'^=Q with w^"'\tn) = 1 for n > satisfying 

p("+i) = Ad«;W(t„+i)opW, 
||Q(p(")(x)) - ®idc7.(G))(a(2;))|| < 2-" for all x € F„ 

and 

||[u;(")(t),p(")(x)]|| < 2-"+^ for ah t > t„ and x G F„. 

We construct a continuous family of unitaries {w'{t)}t>o in B as follows. For t € [to,ti], 
we set w'{t) = For t G [tn,tn+i] with n > 1, we set w'{t) = w'^''\t)w' (tn) . Note 

that /o^") = Adi(;'(t„) o p holds. 

Let X (z Fn and n < m. For t > we choose an integer / > m such that t G [t^, t^+i]. 
Then one has 

||Adu;'(t)(p(x)) -Adu;'(t^)(/>(x))|| 

< \\Adw'{t){p{x)) - Adw'{ti){p{xm + Y,\\^dw'{tk+i){p{x)) - Ad w'{tk){p{xm 

k=m 

l-l 

= \\Adw^'\t){p^'\x)) - p«(x)|| + ||Ad«;(^)(tfc+i)(/,(^)(x)) - p^^\x)\\ 

k=m 

l-l 

which implies that limt^oo -^dw' {t){p{x)) exists for any x in the dense subset U^i -^n 
of B. This shows that there exists a unital endomorphism pi of B satisfying a o pi = 
{pi (g) idc*(G)) ° " and 

lim Adw' {t){p{x)) = pi{x) 

t— ►oo 

for all X G i?, which completes the proof. □ 

Remark 4.6. Let 7 : G r> C be an asymptotically representable action of G on a 
unital separable nuclear G*-algebra C and let D = G xi^ G. In a similar fashion to the 
theorem above, we can show the following: p : D ^ B is an isomorphism such that 
a o p and (p id(7*(G')) o j are asymptotically unitarily equivalent, then there exists an 
isomorphism pi : D ^ B such that pi is asymptotically unitarily equivalent to p and 
a o pi = (pi (g) idc.(G)) o 7. 
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Remark 4.7. When a : G r\ A is an approximately representable action of G, one 
can prove the fohowing in an analogous fashion to the theorem above: if p is a unital 
endomorphism of B such that a o p and {p (8) idc.(G')) o a are approximately unitarily 
equivalent, then there exists a unital endomorphism pi of B such that pi is approximately 
unitarily equivalent to p and a o pi = {pi idc*(G)) ° Q^- 

Moreover, when 7 : G r> C is an approximately representable action of G on a uni- 
tal separable nuclear G*-algebra G and D = G G, one can prove the following in a 
similar way: if p : D — s- is an isomorphism such that a o p and (p ® idc*(G)) o 7 are 
approximately unitarily equivalent, then there exists an isomorphism pi : D ^ B such 
that pi is approximately unitarily equivalent to p and a o pi = [pi ^ idc*(G)) ° o^- This is 
a generalization of [8, Corollary 3.9]. 

Theorem 4.8. Let j : G r\ C be an action of G on a unital separable nuclear C* -algebra 
G and let D = C xi^ G. For any two homomorphisms p,o' & }lom^{D,B), the following 
conditions are equivalent. 

(1) The two homomorphisms p and a are G- asymptotically unitarily equivalent. 

(2) The two homomorphisms p and a are asymptotically unitarily equivalent. 

Proof. The implication (1)=^(2) is trivial. We would like to show that (2) implies (1), 
assuming that a is asymptotically representable. Suppose that {tL'o(s)}s>o is a continuous 
family of unitaries in B = A xiaG satisfying 

lim Adwo{s){p{x)) = a{x) 

s— >oo 

for all X € D. We choose an increasing sequence {Fn}^^Q of finite subsets of D whose 
union is dense in D. We may assume 

||((Adu;o(s)op)0idc.(G))(7(3;)) - {(7®idc*iG)){7{x))\\ < 2"" 
holds for all s > n and x ^ Fn- From 

ao p= (p«)idc*(G)) 07 

and 

aoa = {a ® idc;*(G')) o 7, 

we have 

\\{wq{s) (g) l)a{p{x)) - a{a{x)){wQ{s) (g) 1)|| < 2"" 
for all s > n and x G F„. Then, Lemma l4.ll implies 

\\v{wo{s) ® l)p{x) - <j{x)^{wq{s) ® 1)11 < 2-" 

for all s > n and x & Fn. Let E : B ^ A he the canonical conditional expectation 
determined by E{u'^) = for 5 G G \ {e}. Note that since (p{B ® C) C G*{A U {vg})/Go, 
the two asymptotic morphisms {'ft}t>o and {E o (^t}t>o are equivalent on B ^C, that is, 

lim \\<ftix 1) - E{(pt{x ® 1))|| = 

t— >oo 
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for all X e B. We set wi{s,t) = E{(pt{wQ{s) (g) 1)) G A. 

Thanks to Lemma 14.21 for each non-negative integer n, there exists t„ > such that 
the following hold: for any t > t„, s G [n, n + 1] and x G Fn, one has 

\\wi{s,tYwi{s,t) - 1|1 < 2~", \\wi{s,t)wi{s,ty - 1|| < 2"" 

and 

||t(;i(s,i)p(x) - < 2~". 

The rest of the proof is the same as that of Lemma 14.41 □ 

Remark 4.9. When a : G rx A is an approximately representable action of G, one can 
prove the following in an analogous fashion to the theorem above: for any two homomor- 
phisms p, cr G ^ou\q{D^B)^ the following conditions are equivalent. 

(1) The two homomorphisms p and a are G-approximately unitarily equivalent. 

(2) The two homomorphisms p and a are approximately unitarily equivalent. 

When {ug}g(zG is an a-cocycle in A, one can define a homomorphism ■ C*{G) B 
by Lu{Xg) = UgXg for g € G. Clearly iu belongs to Hom^(C*(G), S), where C*{G) is 
regarded as the crossed product of C by the trivial action of G. The perturbed action 
a"^ : G r\ A is the action defined by Og = Ad Ug o Og. 

Corollary 4.10. Suppose that a : G r\ A is approximately representable and {ug}g, {vg}g 
are a-cocycles in A. 

(1) There exists a sequence of unitaries {sn}'^=i in A satisfying 

lim SnUgag{sl) = Vg 
n—*00 » /t/ a 

for all g ^ G if and only if and o-^^ approximately unitarily equivalent. 

(2) // there exists p G Aut^(-B) such that p o and are approximately unitarily 
equivalent, then the two actions a" and a" are strongly cocycle conjugate. When 
G = and B is purely infinite simple, the converse also holds. 

Proof. (1) Suppose that there exists a sequence of unitaries {sn}^=i in A such that 
lim^^oo SnUgOig^s'^) = Vg foT all g G G. It follows that 

lim Sniu{Xg)s*n = lim s„UgA"s* = lim SnngQg(s*)A" = VgX'i = Lv{Xg), 

which means that and are approximately unitarily equivalent. 

Conversely, if and t„ are approximately unitarily equivalent, then by Remark 14.91 i-u 
and Lv are G-approximately unitarily equivalent. Thus there exists a sequence of unitaries 
{sn}^=i in A such that lim„^oo Sn''M(Ag)s* = i.v{Xg) for all g £ G. Hence SnUgag{s*^) = 
SnUgXgS'^Xg* goes to VgXgXg* = Vg as n goes to infinity. 

(2) Take a finite subset F C G and e > arbitrarily. By Remark 14.91 p o and Ly 
are G-approximately unitarily equivalent. Therefore there exists a sequence of unitaries 
{sn}^=i in A such that 

lim \\snp{ugX'i)s'!^ - VgX'^W = 
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for all g £ G. Put Wg = n{ugXg)Xg*v*. Then {wg}g^G is an a^'-cocycle in A and Ad Wg o 
a"^ = fio Og o fi~^ on A. In addition, 

lim \\wg - s*ag(s„)|| = 

which completes the proof. 

We turn to the case G = Z^. Suppose that the two actions a" and are strongly 
cocycle conjugate. Let F C be a finite generating set and let e > 0. There exists an 
isomorphism fi : A ^ A and an a'^-cocycle {wg}g^^N such that 

Ad o = ^ o o /i"^ € and Ij-Wg - 1 1| < e Vg e F. 

Define /i e AutTrJv(i?) by 

/i(a) = a Va e ^ and p-i^g) = fj,{Ug)wgVgXg Vg € Z^. 

It is easy to see \\fl{iu{Xg)) — Lv{Xg)\\ < s for every g £ F. Since C*(Z^) satisfies the 
universal coefficient theorem and its -fC-groups are free abelian groups of finite rank, if 
e > is sufficiently small, we can conclude that KK{fl o t^) = KK{Ly). It follows from [H 
Theorem 1.7] that /i o i„ and are approximately unitarily equivalent. □ 

Finally in this section, we show a G-equivariant version of Nakamura's theorem [20\ 
Theorem 5]. Suppose that ^ is a unital Kirchberg algebra and that a : G r\ A is outer. 
Let /3i and (32 be automorphisms on A satisfying 

PiOOg = AdUi^g OUgO (ii 

for i = 1, 2 and g £ G, where {ui^g}g^G and {'U2,g}geG are a-cocycles in A. Then, for each 
i = 1,2, there exists an extension /3j S Aut(-B) determined by (3i{Xg) = Ui^gXg. Note that 
Pi belongs to Aut^(i3). We further assume that, for each z = 1,2, the map {n,g) i-^ Pi'Og 
induces an injection from Z x G to Out(j4). 

Theorem 4.11. In the setting above, if KK{Pi) = KK{(32), then there exists an auto- 
morphism fi € Aut(^(i?) and a unitary v £ A such that KK{^) = 1b, KK{p,\A) = 1^ 
and 

fio Pi o fj,^^ = Adv o (32. 

Proof. We apply the argument of [20l Theorem 5] to (3i and 02- By Theorem 12. 3| B is 
a unital Kirchberg algebra. Since KK{/3i) = KK{/32), by Theorem 12.61 (2), j3i and /?2 
are asymptotically unitarily equivalent. Then Theorem 14.81 implies that Pi and P2 are 
G-asymptotically unitarily equivalent. Moreover, by Theorem 13.61 we can find Rohlin 
projections for /3j in (A^)" C B^. Hence, by using Lemma [3^ instead of [201 Theorem 7], 
the usual intertwining argument shows the statement. □ 
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5 Uniqueness of Z -actions on Oqo 

Throughout this section, we let T denote the set of all complex numbers with absolute 
value one. For a discrete group G, let T) denote the abelian group of all 2-cocycles 

from G X G to T, that is, 

Z2(G, T) = {u:GxG^1\ uj{g, h)uj{gh, k) = uj{h, k)uj{g, hk) V5, /i. A; G G} 

and let i?^(G, T) denote the subgroup of 2-coboundaries in Z-^(G, T), i.e. elements of the 
form oj{g, h) = f{g)f{h)f{gh)~^ for some map / : G — > T. Two 2-cocycles uj, uj' G Z'^{G, T) 
are said to be cohomologous, if wa;'"^ is in i?^(G, T). 

Let a : G r\ A he an action of a discrete group G on a unital G*-algebra A. We say 
that a absorbs uj G Z^(G, T), if there exists an automorphism fi oi A and a family of 
unitaries {ug}g^G in ^ satisfying 

HO UgO = Ad Ug O Ug 

and 

Ugag{uh) = Lj{g,h)ug^h 

for every g,h & G. If a;, a;' G Z^(G, T) are cohomologous and a absorbs uj, then clearly a 
absorbs uj', too. 

The following is an easy observation and we omit the proof. 

Lemma 5.1. Suppose that two actions a, (3 of a discrete group G on a unital simple 
G* -algebra A are outer conjugate. 

(1) If a absorbs uj G Z^(G, T), then so does (3. 

(2) If a absorbs all elements in Z^(G, T), then a and (3 are cocycle conjugate. 

When G is abelian, as described in [2lj, the second cohomology group H'^{G,"S) = 
Z"^ {G ,T) / B"^ {G ,T) is isomorphic to the subgroup 

{X G Hom(G, G) I {xi9),9) = 1 for every g e G} 

of Hom(G, G), where (•, •) is the paring of G and G. The isomorphism between them is 
given by sending uj G Z^{G,T) to 

X{9){h) = uj{g,h)uj{h,g)~^ g,heG. 

In particular, when G is Z^, H'^{G,T) = H'^{'L^ ,T) is isomorphic to 

{{0^,j)l<^<3<N G T^' | 0^,^ = 1 and = 1 for ah i,j} ^ T^{^-i)/2. 

Lemma 5.2. For any uj G Z'^{'L^ there exists an outer -action a on the Cuntz 
algebra O^o which absorbs uj. 
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Proof. From the fact mentioned above, to corresponds to some {Oij)i j € satisfying 
On = 1 and 6i j9j i = 1 for all i, j = 1, 2, . . . , A^. Therefore, it suffices to construct an outer 
-action a on O^, a family of unitaries {ui}f^^ in O^o and an automorphism ^ of O^o 
such that 

/Li o cKj o n^"^ = Ad Ui o ai 

and 

Uiai{uj) = 9ijUjaj{ui) 

for every i,j = 1,2, . . . , N, where denotes the i-th generator of the Z^-action a. 

First, we claim that Ooo contains a family of unitaries satisfying ViVj = OijVjVi. 

For each 9ij, it is easy to find two unitaries Xij and Uij such that Xijyij = dijVijXij in 
a C*-algebra Bi j isomorphic to O^q (see [6] for example). Let B = (8)i<j<j<Ar -^i.i- We 
regard Bij as a subalgebra of B. For i = 1, 2, . . . , A', we set 




It is straightforward to see the commutation relation ViVj = OijVjVi. 
We define a Z^-action q on ^4 = <S>T=o ^ 



aj = id (g) id (g) Ad Vi 

k=2 



for i = l,2,...,N. Let 



tij = 1 (g (g 1 (g . . . . 

Since Ooo is isomorphic to Ooo (g Coo, a is conjugate to the Z^-action determined by 
Adui o Ui. In addition, UiOi^Uj) = 6ijUjaj{ui) holds. By tensoring another outer Z^- 
action if necessary, we may assume that a is outer, thereby completing the proof. □ 

Lemma 5.3. Let a be an action of "L^ on the Cuntz algebra Ooo- Then, the canonical 
inclusion : C*{1i^) Ooo induces a K K -equivalence. 

Proof. We use the induction on A^. When A^ = 0, the assertion is clear. Assume that the 
claim has been shown for A^ — 1. 

Let a be an action of Z^ on Ooo- We regard Z^^"*^ as a subgroup of Z^ via the 
map (ni, n2, • . • , nAr_i) i— > (ni, n2, . . . , nAr_i, 0). Let A be the crossed product of Ooo by 
Z'^~^ and let denote the A^-th generator of a. Then, un extends to an automor- 
phism on A and O^o Z^ is canonically identified with A xi^j^ Z. From the induction 
hypothesis, the inclusion ln-i '■ C*(Z^^^) A induces a ATAT-equivalence. In addition, 
/■iV-i is a covariant homomorphism from (C*(Z'^~-^), id) to {A,aj\i). By the naturality of 
the Pimsner-Voiculescu exact sequence, we obtain the following commutative diagram, in 
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which the vertical sequences are exact. 



From an easy diagram chase, we can conclude that K^:{ln) is an isomorphism for * = 0, 1. 
The universal coefficient theorem [26| implies that KK(ln) is invertible. □ 

Now we can prove the uniqueness of outer Z^-actions on Ooo up to cocycle conjugacy. 

Theorem 5.4. Any outer "Z^ -actions on Ooo o^f^ cocycle conjugate to each other. In 
consequence, they are asymptotically representable. 

Proof. The proof is by induction on N. When N = 1, we get the conclusion from Theorem 
12.91 and Lemma 12.101 Assume that the claim has been shown for — 1. 

Let a and /3 be outer Z-^-actions on A = Ooo- Let a' and be the Z^~^-actions 
generated by the first — 1 generators of a and /3, respectively. We denote the A^-th 
generator of a and (3 by ajy and Pn, respectively. From the induction hypothesis, by 
conjugating f3 if necessary, we may assume that there exists an a'-cocycle {ug}g(zzN-i in 
A such that Pg = Adug o Og. Moreover, a' is asymptotically representable. It is easy to 
check 

l3^oa'g = (Ad (3Niu*g)ug) oa'gO j3]^ 

for all g € and {[3N{u*g)ug}g is an a'-cocycle. 

Let Ba and Bp be the crossed product of A by the Z^~^-actions a' and (3' , respectively. 
There exists an isomorphism vr : Bp —)■ Ba such that vr(a) = a for all a G ^ and vr(Ag) = 
UgXg for all g € Z,^^^. The automorphisms aj\[ and (3n of A extend to automorphisms 
QfTV and Pn of Ba and Bp, respectively. By Lemma 15.31 we have KK{(y]\f) = 1 and 
KK{f3j\f) = 1, and hence 

KK{tt oPno vr"^) = 1 = KK{aN) 

in KK{Ba, Ba). By applying Theorem 14.111 to a', ajy and vr o /3jv o tt^^, we obtain 
fi G Aut-jfiv-i (-Bo) and v E U{A) satisfying the conditions stated there. For each g E Z^~^, 
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IJ,\A commutes with Og up to an inner automorphism of A. Furthermore, 

Adv o ajv = {Adv o a^v)!^ 

= {fi\A) o o {^\A)-\ 

It follows that the Z-^-actions a and P are outer conjugate. Thus, any outer Z^-actions 
on Ooo are outer conjugate to each other. Now the conclusion follows from Lemma 15.11 
and Lemma 15.21 □ 



6 Uniqueness of asymptotically representable Z -actions 

Let G be a countable infinite discrete amenable group and let {Sg}g£G be the generator of 
the Cuntz algebra Ooo- Define an action of G on Ooo by 'y^{Sh) = Sgh- We consider 
the diagonal action 7*^ ® on Ooo "S) Ooo- Clearly 7*^ and 7*^ ® 7*^ are both outer. Let 

pi : Ooo 3 X X ^ 1 e Ooo ® Ooo, 

Pr : Ooo 9 X 1-^ 1 (g) X G Ooo ® Ooo- 

Then clearly pi,Pr are in Home (Ooo, Ooo <8 Ooo)- We let 

Pl,Pr G Hom^(C'oo X-yG G, (Ooo «) Ooo) Xl^-G^^G G) 

denote the natural extensions of pi and pr, respectively. 

Lemma 6.1. If the diagonal action 'S>'y^ is asymptotically (resp. approximately) repre- 
sentable, then pi and Pr are G- asymptotically (resp. G- approximately) unitarily equivalent. 

Proof. Note that 7*^ is a quasi- free action. Let t : G*(G) Ooo xi^g G be the inclusion 
map. It is well-known that KK{l) G KK{G*{G), Ooo ^-yG G) is invertible (see |24i Section 
4]). From pi o l = p^. o l, we can conclude KK{pi) = KK(pr). It follows from Theorem 
12.61 (2) that pi and pr are asymptotically unitarily equivalent. Hence, by Theorem 14.81 and 
Remark 14.91 Pi and pr are G-asymptotically unitarily equivalent (resp. G-approximately 
unitarily equivalent). Therefore, pi and pr are G-asymptotically unitarily equivalent (resp. 
G-approximately unitarily equivalent). □ 

Lemma 6.2. Let A be a unital Kirchberg algebra and let (a, u) be an outer cocycle action 
of G on A. Then, there exists a G Home ( Ooo, ^lj)- 

Proof. By Lemma 13.41 there exists a non-zero projection p G A^^ such that pag{p) = 
for every g ^ G \ {e}. Let T G A^ be an isometry satisfying TT* < p. Define a unital 
homomorphism a : Ooo by cr{Sg) = ag{T). Evidently a belongs to HomG(Ooo, A^^). 

□ 

Theorem 6.3. Let A be a unital Kirchberg algebra and let (a, u) he an outer cocycle 
action of G on A. If the diagonal action 7*^ ® 7'-' of G on Ooo ® Ooo is approximately 
representable, then there exists an isomorphism p : A ® Ooo such that (a, u) is 

equivalent to {p o [a 7^) o p^^,p{u (E> 1)). 
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Proof. By using Lemma 16.11 and Lemma 16. 2| we can show the statement in a similar 
fashion to the proofs of Theorem 7.2.2, Theorem 7.2.1 and Proposition 2.3.5 of [25]. We 
leave the details to the reader. □ 



We obtain the following two corollaries. 

Corollary 6.4. Let A be a unital Kirchherg algebra and let (a, u) he an outer cocycle 
action ofL^ on A. Let 7 he an outer action ofL^ on Ooo- 

(1) There exists an isomorphism fj, : A ® Ooo — > ^ such that (a, u) is equivalent to 

o (a (g) 7) o ^^^,ii{u ® 1)). 

(2) (a, u) has the Rohlin property. 

Proof. The first statement follows from Theorem 15.41 and Theorem 16.31 The second state- 
ment follows from Corollary 13.71 Theorem 15.41 and the first statement. □ 

Corollary 6.5. Let A he a unital Kirchherg algehra and let a,j3 he outer Z,^ -actions on 
A. If a and (3 are outer conjugate, then they are cocycle conjugate. 

Proof. By Corollary 16.41 (1), (A, a) is cocycle conjugate to {A ® Ooo, « ® 7^^^). Then the 
assertion follows from Lemma 15.11 Lemma 15.21 and Theorem 15.41 □ 

Now we can prove the uniqueness of asymptotically representable outer Z^-actions 
on a unital Kirchherg algebra up to KK-ixW\al cocycle conjugacy in a similar fashion to 
Theorem 15.41 

Theorem 6.6. Any asymptotically representahle outer Z,^ -actions on a unital Kirchherg 
algehra A are KK-trivially cocycle conjugate to each other. 

Proof. The proof is by induction on N . When = 1, we get the conclusion Theorem 12.91 
and Lemma l2. 101 Assume that the claim has been shown for — 1. 

Let a and j3 be asymptotically representable outer Z-'^-actions on A. We use the same 
notation as in the proof of Theorem 15.41 Since a' and /?' are asymptotically representable 
outer Z^^-'^-actions on A, by the induction hypothesis, we may assume that there exists 
an a'-cocycle {ug} g^i^N-\ in A such that (3g = Adu^ o ag. Moreover, as a and (5 are both 

asymptotically representable, one has KK{aM) = 1 in KK{Ba, Ba) and KK[I3m) = 1 in 
KK(Bp, Bp). In the same way as Theorem l5.4l we can find ^ E Aut(A) with KK{^) = 1^ 
that induces outer conjugacy between a and (3. Then, from Corollary 16.51 and its proof, 
we can conclude that a and (3 are i^i^-trivially cocycle conjugate. □ 

Remark 6.7. A key step in the proof above is KK{aN) = 1 in KK{Ba,Ba). When 
A = O2, the crossed product Ba = A Xq/ Z^^^ is again O2, and so KK{Ba, Ba) = 0. 
By using this observation, one can show the uniqueness of outer Z^-actions on O2 up to 
cocycle conjugacy, which is the main result of [18j . 

If there exists a path {'yt}te[o,i] of automorphisms of A such that 70 = id, 71 = on and 
-ftoa'g = a'gOjt for ah t G [0, 1] and g G Z^-^, then KK{aN) = 1 in KK{Ba,Ba). Hence 
any outer Z^ -action a on a unital Kirchherg algebra that extends to an M -action is 
asymptotically representable. In particular, any outer quasi-free Z'^-actions on the Cuntz 
algebra On are mutually cocycle conjugate. 
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In the rest of this section, we let a : j4 be an outer asymptoticahy representable 

action of on a unital Kirchberg algebra A and let B = A >Sa We would like to 
characterize elements in Kouijn {B , B) in terms of i^i^-theory. As applications, we show 
Theorem 16.181 and Theorem 16.201 Let Hjn{B,B) be the subset of KK(B,B) consisting 
of X satisfying 

KoixW]) = [1] 

and 

X ■ KK{a) = KK{a) ■ (x ® lc-(zJV)), 

and let HfN {B, B)~^ be the subset of Hjn {B, B) consisting of invertible elements. Thanks 
to Theorem 14. 5( Remark 14.61 and Theorem 14.81 we obtain the following. 

Lemma 6.8. (1) There exists a natural bijective correspondence between Hjn{B,B) 
and the quotient space of }lomjN {B , B) by -asymptotically unitary equivalence. 

(2) There exists a natural bijective correspondence between Hjn{B,B)^^ and the quo- 
tient space o/ Aut-jpjv (-B) by T'^ -asymptotically unitary equivalence. 

Let 6n : C*(Z^) ^ C7*(Z^) O C*(Z^) be the coproduct and let ja : A ^ B and 
j : A AiS) C*(Z^) be the canonical embeddings. By the uniqueness of asymptotically 
representable outer actions of on a unital Kirchberg algebra, we get the following. 

Lemma 6.9. There exists a KK -equivalence w G KK{B,A ® C*{'L^)) such that 

KK{j^) ■ w = KK{j) 

and 

w ■ KKii^A (^Sn) = KK{a) ■ {w Ic*{zn)). 

Proof. Let 7 : r> Ooo be an outer action and let l : C*(Z^) Ooo XI7 Z^ be the 
canonical inclusion. We have the following commutative diagram. 



idyl ®5jv 



id (X'7 



A®C*{Z^)®C*{'L^) > ((A®Ooo) ><id$57Z^)®C*(Z^) 

idA (8K8ld(-,t^2jV) 

By Lemma |5.3| KK{l) is invertible, and so KK{\dA®i^) is also invertible. 

Both a and id (817 are asymptotically representable outer Z^-actions on A = A^ Oc 
It follows from Theorem 16.61 that there exists an isomorphism 

H e RomjN{B,{A®Ooc) Xid®7 Z^). 



In other words, the following diagram 

B ^ (A (g) Ooo) Xid(^7 

id ®7 

B®C*{Z^) ; > ((^^Ooo) Xid®7Z^)0C7*(Z^) 



fi<S>id 



C*(Z^) 



is commutative. Then w = KK{^) ■ i^i^'(idA (^l) ^ meets the requirement. □ 
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In what follows we fix the KK -equivalence w G KK{B, A C*(Z^)) described in the 
lemma above. 

Let S = Co((0, 1)) and let T = C © 5. Put [N] = {1,2,..., N}. The A^-fold tensor 
product has 2^ direct sum components and each of them is isomorphic to a tensor 
product of several copies of S. For / C [N], we let Sj C T®^ denote the tensor product 
of 5"s of the i-th. tensor product component for all i E I, so that 

r®^ = Si. 

IC[N] 

Note that ^0 is isomorphic to C. When 7, J C [N] are disjoint, we may identify Sj (g) Sj 

with Siuj. For / C [N] and J C /, we let a{I, J) be the canonical invertible element in 
KK{Si, Si\j Sj), where Si\j 5j is a subalgebra of T®^ ® T®^. Define 

by 

JC/C[Af] 

For n € N, we let 5„ : C*(Z'') ^ C*(Z") ® C*(Z") denote the coproduct. By a suitable 
permutation of tensor components of C*(Z"') (g) C*(Z") = C*(Z)®^", (5„ can be viewed as 
Let z G ii'ii'(C*(Z),r) be an invertible element. We denote the AT-fold tensor 
product of z by ZAT G KK{C*{Z^),T®^). 

Lemma 6.10. In the setting above, one has zn ■ (Jn ■ {zn ® zn)~^ = KK{5n)- 
Proof. The proof is by induction. It is easy to see that 

• KK{5i) ■ {zi zi) = a(0, 0) + a({l}, 0) + a({l}, {!}) = ai. 
The conclusion follows from 
Gn-l a I 

= fT(I,J)®a(0,0)+a(/,J)®a({n},0)+a(/,J)0a({n},{n}) 

JC/C[n-l] 

JC-fC[n-l] JCliZ[n],neI,nfJ JC-fC[n],n6J 

= 0-n- 



□ 



Let e € T^^ be the unit of ^0 ^ C. Let H!^n{B, B) be the subset of KK{A(^T®^ , Ai 
T®^) consisting of x satisfying 

Ko{x){[l e\) = [l(g)e] 

and 

X ■ {\a ® CTn) = (1a "g) 0"7v) • {x ® l^-Kiv), 

and let H'^i^{B,B)~^ be the subset of H!^;^{B,B) consisting of invertible elements. 
From the above two lemmas, we have the following. 
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Lemma 6.11. (1) The KK -equivalence w ■ {1a <8) z^) G KK{B,A ® T®^) induces a 
bijective correspondence between H^n {B , B) and H!^^ (B , B) . 

(2) The KK -equivalence w ■ {1a <8) zn) G KK{B,A (g) T®^) induces a bijective corre- 
spondence between H'^N {B , B)~^ and Hl^j^ {B , B)~^ . 

Since 

IC[N] 

any element x G KK{A (g) T®^, ^ (g) T*^^) can be written as 

x= ^ x{I,J), 

I,JC[N] 

where x{I,J) is in KK{A(^ Si,A® Sj). Now we calculate H!^n{B,B) and H!^n{B,B)-^ 
as follows. 

Lemma 6.12. For 

x= J2 x{I,J) ^KK{A®T®^ ,A®T®^), 

IJClN] 

the following are equivalent. 

(1) X belongs to H!^n{B,B). 

(2) For each K C [N], there exists yx G KK{A Sk,A) such that iCo(y0)([l]) = [1] 
and 

_fyi\j^isj ifJci 

otherwise. 



x{I,J) 



Moreover, x is invertible if and only if y^jj is invertible. 

Proof. The implication from (2) to (1) is straightforward. Let us show the other implica- 
tion. Notice that KK{A (g) T®^, A (g) T®^ ® T®^) is isomorphic to 

KK{A(^Si,A®Sj,®Sj). 

I,J,J'<Z[N\ 

For any z in KK{A g) T®^, A ® T®^ ® T®^), we denote its KK{A ®Si,A® Sj, Sj) 
component by z{I, J', J). One can see 

{x-{lA®(yN)){I,J\J) 

_ (x{I, J' U J) • {1a ^ cr{J' U J, J)) if J' n J = 
1 otherwise 

and 

((1a <g) (tn) ■ {x (g) lr®Jv))(J, J', J) 

^ f (U ® a{I, J)) • (x(/ \ J, J') ® I5J if J C / 
I otherwise. 
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By letting J' = 0, we have 

x{I,J) ■ (U0a(J, J)) 

_UIa® J)) ■ {x{I \ J, 0) «) lr«iv) if J C I 
1 otherwise. 

Hence, if J is not contained in I, then x{I, J) = 0. If J is a subset of /, then 

x{I,J) 

= {Ia J)) • {x{I \ J, 0) ® lr®iv) • {Ia ® J, J))"^ 
= x{I\J,^)^lsj, 

which imphes (2). In addition, it is easy to see that 

JC/C[Af] 

is of the form of an upper triangular matrix. Therefore, x is invertible if and only if the 
diagonal part is invertible. Since the diagonal part is given by 

the proof is completed. □ 
Notice that, for xi,X2 S Hjf^{B, B), the product xi ■ X2 is computed as follows: 

(Xi • X2)(/, 0) = ^ J) • X2(J, 0) = Y.^Xi{I \ J, 0) Isj) ■ X2(J, 0). 

J(ZI Jci 

From Lemma 16.81 16.111 16.121 and this observation, we get the following proposition. For 

y e KK{A(^T^^,A) = KK{A®Si,A), 

IC[N] 

its KK{A (g) Si, A) component is denoted by yj. 

Proposition 6.13. There exists a surjective map Q from Hom^jv(i?, 5) to 

H" = {ye KKiA^T^'',A) \ i^o (2/0 )([1] )=[!]} 
satisfying the following. 

(1) pi,P2 £ Hom-j-jv (-B, -B) are T'^ -asymptotically unitarily equivalent if and only if 

e(pi) = e(p2). 

(2) If y is in H" and y^ G KK{A, A) is invertible, then there exists p G AvitjN{B) such 
that ©(/?) = y. 
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(3) For pi,p2 G B.om.'^N {B , B) , Q{p2 o pi) is given by 

Q{P2 o pi)i = ^ie{pi)j\j ® isj) ■ e{p2)j, ic[N]. 

Jci 

Remark 6.14. When A = Ooo, 

{y £ H" I 7/0 is invertible} 

is isomorphic to Z^^ For any p £ AutfN{B), a : A and p\A give rise to a 

cocycle action of Z^+^ on A. Hence, when N >2, there exist infinitely many outer cocycle 
-actions on Ooo which are not mutually equivalent. In other words, Oqo 8" IK admits 
infinitely many outer Z^"*'^-actions which are not mutually cocycle conjugate. Moreover, 
there exist infinitely many cocycle Z^+^-actions on Ooo which are not equivalent to a 
genuine action, because outer Z^+^-actions on Ooo are unique up to cocycle conjugacy by 
Theorem [531 

Let Hjn{C*{Z^),B) be the subset of KK{C*{Z^), B) consisting of x satisfying 

K,{x)m) = [1] 

and 

X ■ KK{a) = KK{6n) ■ {x O lc-(z^))- 

There exists a natural map from Roirjn {C* {Z^ ) , B) to Hjn{C*{Z^), B). 

Let H!^r,(.C*{Z^),B) be the subset of KK{T®'^ , A (g, T^^) consisting of a satisfying 

Ko{a){[e]) = [lC5e] 

and 

a ■ {1a ^ <7Af) = (Tat • (a (g) l-j-ajv). 
From Lemma 16.91 and 16.101 one has the following. 
Lemma 6.15. The map 

X I— > z^^ ■ X ■ w ■ {1a ^ zn ) 
gives a bijective correspondence between Hjn{C*{Z^),B) and Hi^j^ {C* {Z,^ ) , B) . 

For a e H'^i^{C*{Z^),B) and /, J C [iV], we denote the KK{Si, A^Sj) component of 
a by a{I, J). Let h : C ^ A he the unital homomorphism. In a similar fashion to Lemma 
16.121 we have the following. 

Lemma 6.16. For 

a= a{I,J) £ KK{T^^,A^T®^), 

I,JClN] 

the following are equivalent. 
(1) a belongs to H' {C* {Z^ ) , B) . 
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(2) For each K C [A^], there exists G KK{Sk, A) such that ftg = KKQi) and 

I otherwise. 

We let i : C*(Z^) —)■ B denote the canonical embedding. When {ug}g^^N is an a- 
cocycle in A, one can define a homomorphism : C*(Z^) —fBhy iu{^g) = for 
g e Z^. Clearly belongs to YloiajN{C*{Z^),B). 

Lemma 6.17. If A satisfies the universal coefficient theorem and 

KM) = {/([I]) I / G Hom(i^o(^),i^.(^))} 

for each z = 0, 1, then for any a-cocycle {ug}g^iN in A, there exists an automorphism 
H G AutjN{B) such that KK{n\A) = Ia and KK{fj. o l) = KK{iy). When N = I, we 
only need the assumption on Ki {A) . 

Proof. For / C [A^], we let |/| denote the cardinality of /. There exists a natural iso- 
morphism between KK{Si, A) and Ki{A), where i = if |/| is even and z = 1 if |/| is 
odd. From the assumption, we have the following: for any q € KK{Si, A)., there exists 
p G KK{A ® Si, A) such that KK{h idgj ■ P = q- 
By Lemma 16.151 

a = z]^^ ■ KK{i) ■ w ■ {1a "Xi zn) 

and 

c = • KK{lu) • -u; • (1a zn) 

are in Hj]^{C*{Z^), B). We claim that there exists x € H^j^^B, B) such that a ■ x = c. 

We construct yi G KK{A ® Si, A) for each / C [N] by using the induction on [/[. 
First, we let y% = 1a ^ KK{A,A). Suppose that yi has been chosen for every / C [A^] 
with |/| < n. Take / C [N] such that |/| = n. Put 

(7 = c(/,0)- a{I,J)-yjeKK{Si,A). 

JCl,J^I 

Then there exists p G KK{A ® Si, A) such that KK{h ® idsj ■ p = q- We let yi = p. 
Define x G KK{A O T®^, A ® T®^) by 

I otherwise. 
By Lemma [6T2| x belongs to Hjj^{B,B). For every I C [N], 

{a-x){I,$) = Y,a{I,J)-x{J,^) 

Jci 

= a{I,J)-yj + a{I,I)-yi 

JCl,Jj^I 

= c{I,%), 
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because a{I, I) = KK{h) ® l^^ by Lemma [6. 161 Since a • x is in Hi^j^{C*{'L^), B), we get 
a ■ X = chy Lemma 16.161 Notice that x(0, 0) = 1a- 

It follows from Lemma l6. 81 and [ 6.111 that there exists an automorphism € KvXyn{B) 
such that KK[^ ° ja) = KK{ja) and 

KK{ii) = w ■ {Ia zn) ■ X ■ {\a ® zjy[)~^ ■ w~^. 

Then one has 

KK{ii o i) = {zn ■ a ■ (1a ^ zn)"-^ ■ w~^) ■ {w ■ {1a ^ z^) ■ x ■ {1a ® zp^)^^ ■ w^^) 
= zn ■ a ■ X ■ {1a 'JJ zn)^^ ■ w^^ 
= ZN ■ c - {1a ® znY^ ■ w^^ 
= KK{iu). 

By Theorem 12.61 (2). and ja are asymptotically unitarily equivalent in Hom(yl,i?). 

Since a : r\ A is asymptotically representable, by using an argument similar to the 
proof of Theorem 14.81 one can show that fio ja\A and ja\A are asymptotically unitarily 
equivalent in Hom{A, A), which implies KK{p,\A) = 1a- Q 

Theorem 6.18. Let A be a unital Kirchberg algebra satisfying the universal coefficient 
theorem and suppose that 

K,{A) = {/([I]) I / G Hom(Ko(A),i^.(A))} 

for each i = 0,1. Then any asymptotically representable outer actions of Z,^ on A are 
strongly K K -trivially cocycle conjugate to each other. When N = 1, we only need the 
assumption on Ki{A). 

Proof. Let a and (3 be asymptotically representable outer actions of on A. By Theorem 
16.61 we may assume that there exists an a-cocycle {ug}g^^N in A such that (3 = a^. 
Let B = A yia It follows from Lemma 16.171 that there exists an automorphism 

H G AutjN{B) such that KK{n\A) = 1a and KK{ij, o l) = By [4l Theorem 1.7], 
fi o L and Lu are approximately unitarily equivalent. Hence the conclusion follows from 
Corollary I4.1UI (2) and its proof. □ 

Lemma 6.19. Let A be a unital Kirchberg algebra such that the following two conditions 
hold. 

(i) If ye KK{A,A) satisfies Ko{y){[l]) = 0, then y = 0. 

(ii) KK{A^S,A) = 0. 

If H e Hom-j-jv (-B, B) satisfies KK{fj, o i) = KK{i), then KK{^) = 1b- 

Proof. For / C [N], we let |/| denote the cardinality of /. There exists a natural isomor- 
phism between KK{A (g) Si, A) and KK{A,A). When |/| is even, from condition (i), we 
have the following: if y G KK{A (g) 5/, A) satisfies KK{h ® ids^) • y = 0, then ?/ = 0. 
By Lemma 16.151 and 16.161 

a = z'^ - KK{l) - w ■ {1a (8 zn) 
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is in H'^j^{C*{G),B) and a{I,I) = KK{h ids J for every I C [N]. By Lemma ESI and 

is in H!^j^{B, B). From the hypothesis, we have a ■ x = a. By Lemma [6.121 there exists 
yi E KK{A (g) Si, A) for each I C [N] such that i^o(2/0)([l]) = [1] and 



xil, J) 



yi\j if J c / 

otherwise. 



Notice that condition (i) impUes y0 = 1a and that condition (ii) imphes y/ = if |/| is 
odd. 

We prove yi = for every non-empty / C [N] by using the induction on |/|. Suppose 
that we have shown yj = for every I such that < |/| < n and n is even. Take / C [N] 
such that |/| = n. From a ■ x = a, one has 

a(/,0) = (a-a;)(/,0) 



E 



a(/, J) •x(J,0) 



J2 a(/, J) •x(J,0) + a(/,0) •x(0,0) + a(/,/) •x(/,0) 
Jc/, 77^0,7^/ 
= a(/, 0) • U + O ids,) • yi, 

and so KK{h ® ids^-) ■ yi = 0. Hence we get yi = 0. 
Consequently 

which imphes KK{p) = 1b- D 

Theorem 6.20. Suppose A = Mn ® C ® Ooo, where C is a UHF algebra satisfying 
C = C ® C and n G N. Then, any outer -actions on A are cocycle conjugate to each 
other. In particular, they are asymptotically representable. 

Proof. Note that A satisfies the hypothesis of Lemma 16.191 We use induction on A^. 
Assume that the claim has been shown for — 1. 

Let a be an outer Z'^-action on A. Let a' be the Z^~^-action generated by the first 
A'^ — 1 generators of a. By the induction hypothesis, a' : Z'^"^ r> A is asymptotically 
representable. Let B = ylx^^/Z^"^ and let t : C*(Z^~^) ^ i3 be the canonical embedding. 
We denote the A^-th generator of a by oat. The automorphism ajy of A naturally extends 
to an automorphism aj\f of B. Clearly we have ajsr o t = t. It follows from Lemma 16.191 
that KK(aj\f) is equal to 1b- The rest of the proof is the same as that of Theorem 15.41 or 
Theorem 16.61 □ 



7 Cocycle actions of 7? 

In this section, we consider when a given cocycle action of Z^ on a unital Kirchberg algebra 
is equivalent to a genuine action. Our basic philosophy goes back to Adrian Ocneanu's 
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idea in the case of von Neumann algebras, while we have to handle /C-theory with a special 
care in the case of C*-algebras. 

We put 5 = Co((0, 1)) = C*(R). For a unital C*-algebra A, the connected component 
of the identity in U{A) is denoted by U{A)q. 

Lemma 7.1. Let A be a unital Kirchherg algebra and let u : [0, 1] — > U{A) be a continuous 
path of unitaries such that n(0) = u(l) = 1. // the Ki-class of u is zero in Ki{S (8) A), 
then there exists a continuous map v : [0, 1] x [0, 1] —>■ U{A) such that 

v{0, t) = 1, v{l, t) = u{t), Up{v{-,t)) < 7 and v{s, 0) = v{s, 1) = 1 

for all s,t e [0, 1]. 

Proof. We regard S ^ A as a subalgebra of C(T) (8) A. Since A is a Kirchberg algebra, 
there exists a nonzero projection p € A such that p ^ 1 and \\[u, 1 <^ p]\\ < 1, where u is 
regarded as an element of the unitization oi S ^ A. Note that 1 ^ p and 1 — 1 ^ p are 
properly infinite and full in C{T) CS) A. By [21 Lemma 2.4 (ii)] (and its proof), we can find 
V : [0, 1] X [0, 1] U{A) such that 

v{0, t) = 1, v{l, t) = u{t) and v{s, 0) = v{s, 1) = 1 

for all s,t € [0, 1]. Then the conclusion follows from |23t Theorem 3.1]. □ 

Lemma 7.2. Let A be a unital Kirchberg algebra and let a be an automorphism of A with 
the Rohlin property. 

(1) For any unitary u € U{A)q and e > 0, there exists a unitary v G U{A)q such that 
\\u — va{v)*\\ < e. 

(2) Let u : [0, 1] U{A) be a continuous path of unitaries such that u{0) = ■u(l) = 1. 
Suppose that the Ki-class of u is zero in Ki{S ® A). Then, for any e > 0, there 
exists a continuous path of unitaries v : [0, 1] U{A) such that v{0) = v{l) = 1 and 
\\u{t) - v{t)a{v{t))* II < e for all t G [0, 1] . 

Proof. (1) This is a special case of [201 Lemma 8]. 

(2) This also follows from [201 Lemma 8] and its proof by using the lemma above. □ 

Lemma 7.3. Let e be a sufficiently small positive real number. Let A be a unital Kirchberg 
algebra and let a be an automorphism of A with the Rohlin property. If x : [0,1] ^ U{A) 
is a path of unitaries satisfying 

\\xit) - a{xm\ < ^ 
for all t G [0, 1], then there exists a path of unitaries y : [0, 1] U{A) such that 

y(0)=x(0), 2/(1) =x(l), \\y{t) - aiymi < e 
for all t G [0, 1] and Lip(y) is not greater than Gtt. 

Proof. This follows from ^20^ Theorem 7] and its proof. Note that the a-fixed point 
subalgebra of A^j contains a unital copy of Oqo by [20l Corollary 11]. □ 
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Let a be an automorphism of a unital C*-algebra A. For a unitary u E U {A)q satisfying 

\\u - a{u)\\ < 2, 

we associate an element K{u,a) in Coker(id — iCo(ct)) as follows. Take a path of unitaries 
X : [0,1] ^ U {A) such that x(0) = 1 and a;(l) = u. Then, we can find another path of 
unitaries v : [0, 1] U{A) such that v{0) = v{l) = 1 and 

\\x{t)a{x{t))* - v{t)\\ < 2 

for all t G [0, 1] . Under the identification of Ki (S (8> A) with Kq (A) , the unitary v de- 
termines an element of Ko{A). We let K{u,a) be the equivalence class of this element in 
Coker(id-i(:o(a))- 

Lemma 7.4. In the setting above, K{u,a) G C6ker{id—Ko{a)) does not depend on the 
choice of X and v. 

Proof. We let log be the standard branch defined on the complement of the negative real 
axis. Suppose that x : [0, 1] U{A) is a path satisfying a;(0) = 1 and x(l) = u, and that 
V : [0, 1] U{A) is a path satisfying v{0) = v{l) = 1 and \\x{t)a{x{t))* - v{t)\\ < 2 for all 
[0,1]. 

First, we show that k{u, a) does not depend on the choice of v. We define w : [0, 1] 
U{A) by 

w{t) = x(t)a(x(t))*e-*'°s{"aH*), t G [0, 1]. 

Then \\x{t)a{x{t))* — w{t)\\ is less than 2. It is easy to see that v and w are homotopic in 
the unitary group of the unitization oi S ^ A via the homotopy 

(S^t) ^ ^^tylog{v{trx{t)a{x{t)r)^-snos{ua{ur)^ ^ ^ [Q^ 1]. 

Hence k{u, a) does not depend on the choice of v. 

Suppose that y : [0, 1] U{A) is another path satisfying y{0) = 1 and y(l) = u. Then 
z{t) = y{t)x{t)* is a unitary in the unitization oi S <Si A, and 

\\y{t)a{y{t))* - z{t)v{t)a{z{t)y \\ = \\z{t){x(t)a{x{t)y - v{t))a{z{t))*\\ < 2. 

In addition, [zv{ids '^a){z)*] belongs to [v] + Im(id — ivri(id5 ®a)) in Ki{S iSi A), which 
means that k{u, a) does not depend on the choice of x. □ 

Lemma 7.5. If ui,U2 G U(A)q satisfy \\ui — a{ui)\\ + ||ti2 — Q;(tt2)|| < 2, then we have 
k{uiU2, a) = K{ui,a) + K{u2,a). 

Proof. For each i = 1,2, we choose Xi : [0, 1] U{A) and Vi : [0, 1] U{A) such that 
Xi{0) = 1, Xi{l) = Ui, Vi{0) = Vi{l) = 1 and 

\\xi(t)a{xi{t))* - Vi{t)\\ < \\ui - a{ui)\\ 

for all t G [0, 1]. Then t i— >■ xi{t)x2{t) is a path of unitaries from 1 to uiU2. Put v(t) = 
xi{t)v2{t)xi{t)*vi{t) so that 

\\xi{t)x2{t)a{xi{t)x2{t))* - v{t)\\ < \\ui - a{ui)\\ + \\u2 - a('U2)|| < 2. 

Clearly [v] equals [vi] + [V2] in Ki{S (8) A), and so we have k{uiU2, a) = K{ui,a) + k{u2, a). 

□ 
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Lemma 7.6. Let < e < 2. Let A be a unital Kirchberg algebra and let a be an auto- 
morphism of A with the Rohlin property. If a unitary u € f/(^)o satisfies 

\\u — a{u)\\ < e, k{u, a) = 0, 

then there exists a path of unitaries x : [0, 1] U{A) such that x(0) = 1, x(l) = u and 

\\x{t) - a{x{t))\\ < e 

for allte [0, 1]. 

Proof. Choose a path of unitaries u : [0, 1] — >• U{A) such that u{0) = 1 and u(l) = u. 
Since \\u — Q.{u)\\ < e < 2, there exists a path of unitaries v : [0, 1] U{A) such that 
v{0) = v{l) = 1 and 

\\u{t)a{u{t))* - v{t)\\ < \\u - a{u)\\ 

for all t G [0, 1]. We can regard u as a unitary in the unitization of S^A. From k{u, a) = 0, 
we may assume that the i^i-class of v in Ki{S A) is zero. Hence, by Lemma 17.21 (2). we 
can find w : [0, 1] — > U{A) such that w{0) = w{l) = 1 and 

\\v{t) — w{t)a{w{t)y\\ < £ — \\u — a{u)\\ 

for all t € [0, 1]. Therefore, one gets 

\\u{t)a{u{t)y - w{t)a{w{t))*\\ < e 

for all t e [0, 1]. Thus, x{t) = w{t)*u{t) meets the requirements. □ 

Lemma 7.7. Let A be a unital Kirchberg algebra and let a be an automorphism of A with 
the Rohlin property. For any x £ Kq{A) and £ > 0, there exists v € U{A)q such that 
\\v — a(f ) II < £ and k{v, a) = x + Im(id —Ko{a)). 

Proof. Choose n G N so that 27r/n < £. By [201 Corollary 11], we may replace (^4, a) with 
{A Ooo,ce (X) 7), where 7 is an aperiodic automorphism of Ooo- We may further assume 
that there exists a projection e G Ooo such that [e] = [1], 67'^ (e) = for = 1, 2, . . . , n — 1 
and e = 7"'(e). Put eo = 1 — (e + 7(e) + • • • + 7"'~^(e)). There exists a path of unitaries 
u : [0, 1] U{A) such that n(0) = u{l) = 1, Lip(u) < 2tt and [u] e Ki{S (g> A) ^ Ko{A) 
equals x. We define v € ^7(^)0 by 

n-l 

v = ^ a^{u{k/n)) ® -f^{e) + 1 eo- 

fc=0 

One can verify ||t; — (a (g) 7)(f)|[ < e and k{v., a (8> 7) = x + Im(id —KQ{a 7)) easily. □ 

Lemma 7.8. Let A be a unital Kirchberg algebra and let a be an automorphism of A with 
the Rohlin property. For any unitary w ^ A with \\w — 1\\ < 2 and e > 0, there exists 
u £ U {A)q such that 

||uu;q;(u)* — 1|| < e, ||ii — a(n) |[ < 2 and K{u,a) = 0. 
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Proof. From Lemma 17.21 (1), it is easy to find a unitary u E U{A)q such that 

\\uwa{u)* — 1|| < min{2— llw— 1||, e}. 

Then one has \\u — a{u)\\ < 2. By the lemma above, we can find a unitary v in A which 
is almost fixed by a and K{v,a) equals —K{u,a). Thanks to Lemma |7.5| by replacing u 
with vu, we get the desired unitary. □ 

Lemma 7.9. For any e > 0, there exists 6 > such that the following holds. Let a and 

(3 he automorphisms of a unital Kirchherg algebra A such that a™ o /3" is outer for all 
(m, n) G \ {(0, 0)}. Let u and w he unitaries in A such that 

P o a = Adw o a o (3, \\w — 1|| < 5 

\\u — a{u)\\ < 6, u&U{A)q and K{u,a)=0. 
Then, there exists a unitary v A such that 

\\v — a{v)\\ < e and \\u — vl3{v)*\\ < e. 

Proof Choose iV e N and (5 > so that 6it/N < e and (86A^ + 25)5 < e. Suppose that 
a, /3, It, w are given. 

The automorphisms a, (3 give an outer cocycle action of 1?. By Corollary 16.41 (2) (see 
also Theorem 13. 6p . there exists a family of mutually orthogonal projections 



{Ef^ I A: = 0,l,...,iV-l}U{4'^ I fc = 0,l,...,Af} 
in {A^)°' such that 



N~l N 

E4°^ + E4^^ = i and = 

fc=0 A:=0 



where E^^ and -E^^^^ are understood as E^'^ and E^^ , respectively. 

Define Uk G Lf{A) for A; = 0, 1, . . . by = 1 and Uk+i = u(3{uk). By an elementary 
estimate, we obtain 

\\uk - a{uk)\\ < {3k - 2)5 

for any /c E N. Moreover, from Lemma 17.51 we can see K{uk,a) = 0. By applying Lemma 
17.61 and Lemma FTSl to un and un+i, we obtain a path of unitaries y and z such that the 
following hold. 

• y{l) = z{l) = 1, y{0) = UN and 2;(0) = un+i- 

• \\y{t) - a{y{t))\\ < 27{3N - 2)5 and \\z{t) - a{z{t))\\ < 27(3iV + 1)5 for ah t E [0, 1]. 

• Both Lip(y) and hip{z) are less than Gir. 
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Define a unitary V € A'^ by 

N~l N 

V=Y. Ukl3\y{k/N))Ef^ +Y,UkP\z{k/{N + !)))£;«. 

fc=0 fc=0 

We can easily see \\u — V(3(y)*\\ < 6it/N < e. Furthermore, 

||y - a{V)\\ < (3iV - 2)(5 + 2N6 + 27(3iV + 1)5 = (86iV + 25)5 < e, 
which completes the proof. □ 

Proposition 7.10. For any e > 0, there exists 5 > such that the following holds. Let 
A be a unital Kirchherg algebra. Suppose that a,(3 €z Aut(yl) and w G U{A) satisfy 

(3 o a = Adw o a o f3 and \\w — 1|| < 6. 

Suppose further that a"^ o /3" is outer for all {m,n) G \ {(0,0)}. Then, there exist 
a,b € U{A) such that 

\\a — 1|| < e, ||6 — 1|| < e 

and 

b/3{a)wa{b)*a* = 1. 

In particular, 

(Adaoa)o(Ad6o/3) = (Ad6 o /?) o (Ada o a). 

Proof. Choose a decreasing sequence of positive real numbers ei, £2; • • • so that ^ < e. 
By applying Lemma 17.91 to > 0, we obtain 5^ > 0. We show that 6 = 6i meets the 
requirements. 

Suppose that a,/3 € Aut(A) and w E U{A) are given. From Lemma [7^ there exists 
ui € Uo{A) satisfying 

\\uiwa{ui)* — 1|| < min{(5i — lltf— 1||, 62}, \\ui — a{ui)\\ < 61 

and K.{ui, a) = 0. From Lemma 17.91 we can find a unitary vi in A such that 

\\vi — a{vi)\\ < ei and — ui/3(fi)*|[ < ei. 

Define unitaries oi and 61 by ai = vla{vi) and bi = vlui(3{vi). Clearly ||ai — 1|| and 
— 1|| are less than ffi . Put ^2 = Adoi oa and /?2 = Ad6io/3. Then, it is straightforward 
to see 

/?2 o 02 = Adw2 o 02° l32, 

where W2 = vluiwa{ui)* vi and \\w2 — 1|| < 62- 

By repeating this argument, one obtains unitaries {ak}k, {bk}k, {wk}k and automor- 
phisms {afcjfc, {Pk}k which satisfy the following. 

|jafc-l||<efc, - 1|| < Efc, \\wk-l\\<5k, 

afc+i = Adafc o Ofc, Pk+i = Adbj, o (3^, w^+i = vlukWkakiukYvk 
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and 

f3koak = Ad WkOOkO Pk- 

Define a,b e U{A) by 

a= lim a^ak-i ■ ■ ■ a2ai and 6= lim ft^fe^^i . . . 62^1- 

fc— >oo fc— >oo 

Since X^y^efc < e, we get ||a — 1|| < e and ||6 — 1|[ < e. Besides, one can check 

Wk+i = {bk--- b2bi)f5{ak ■ ■ ■ a2ai)wa{bk ■ ■ ■ b2bi)*{ak ■ ■ ■ a2ai)* 
inductively. Therefore, we have 

bf3{a)wa{bya* = 1 

and 

(Ad a o a) o (Ad 6 o /3) = (Ad 6 o /3) o (Ad a o a) , 
because converges to the identity. □ 

Theorem 7.11. Let (a, u) be an outer cocycle action of I? on a unital Kirchberg algebra 
A. If the cohomology class 0/ [«(•,■)] is trivial in H"^ (T? , Ki{A)) , then (a, m) is equivalent 
to a genuine action. 

Proof. We may assume that {u{g,hy\ = in Ki{A) for all g,h £ 1? . Hence there exists 
w £\J{A) such that 

"(1,0) ° "(0,1) = Adw o a(o_i) o 0(1,0) 

and \w\ = in K\(^A). By Theorem 12.81 the automorphism a(i,o) has the Rohlin property. 
It follows from Lemma 17.21 (1) that, for any 5 > 0, we can find v G \J{^A)q such that 
\w — a(i,o)(''^*)^ll < ^- Thus, by replacing a(o,i) with Adu o a(o,i), we may further assume 
II w — 1|| < 5. Then, the conclusion follows from Proposition 17.101 □ 

Corollary 7.12. Any outer cocycle action of on a unital Kirchberg algebra A in the 
Cuntz standard form is equivalent to a genuine action. 

Proof. Let (a, u) be an outer cocycle action of 1? on a unital Kirchberg algebra A in the 
Cuntz standard form. There exists a unitary w £ A such that 

"(1,0) ° "(0,1) = Adu; o a(Q^i) o a(ifl). 

Let B be the crossed product of A by a(i.o)- We denote the implementing unitary in B 
by A. Consider the Pimsner-Voiculescu exact sequence for a(i,o)- Since [A] G Ki{B) is 
sent to [1] G Kq{A) and [1] = in Kq{A), there exists a unitary x € A such that [x] = [A] 
in Ki{B). The automorphism a(o,i) of A extends to a(o,i) ^ Aut{B) by a(o,i)(A) = w*X. 
Then we have 

["(0,1) (2;)] = ["(0,1) (A)] = [w*X] = [w*x], 

that is, [w] = [x] — [a(o,i)(2;)] in Ki{B). It follows that there exists a unitary y € A such 
that 

[w] = [x] - [a(o,i)(x)] + [y] - [a(i,o)(y)] 
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in Ki{A). This means that there exists a unitary v £ A such that [v] = in Ki[A) and 
w = «(! o)(y)*a:wya(o,i)(a;)*, which imphes 

Ad X* o 0(1^0) ° Ad y o a;(o,i) = Ad v o Ad y o a(o,i) o Ad x* o a(i^o) • 
By the theorem above, (a,n) is equivalent to a genuine action. □ 

8 Classification of locally KK-trWial Z^-actions 

In this section, we classify locally KK-trivial outer Z^-actions on a Kirchberg algebra 
up to ETET-trivially cocycle conjugacy. We denote by IK the C*-algebra of all compact 
operators on f{Z). We put 5 = Co((0, 1)) and regard it as a subalgebra of C(T), where 
T = M/Z. 

From Remark 14.61 Corollary 16.51 Proposition 16.131 (2) and Theorem 17.111 we can see 
that outer locally i^i^-trivial Z^-actions on a unital Kirchberg algebra A can be classified 

by 

{xeKK\A,A) \ Ko{x){[l]) = 0} 

up to KK-trivially cocycle conjugacy. Meanwhile, the results of ^Tj and ^27j show that 
uniformly outer Z'^-actions on a UHF algebra A are classified by the fundamental group 
7ri(Aut(^)) up to cocycle conjugacy. On the other hand, when j4 is a unital Kirchberg 
algebra, the group 7ri(Aut(j4 ® K)) is isomorphic to KK^{A,A) by [5]. This is not a 
coincidence, and we first show that our classification invariant also lives in the group 
7ri(Aut(yl ® K)). This also allows us to see the topological origin of the invariant (see 
Remark 18.11 below) . 

For a locally KK-trivial Z^-action a on a unital Kirchberg algebra A, we introduce 
an invariant $(a) G KK{A,S A) as follows. By Theorem 12.61 (2), a(i,o) is homotopic 
to an inner automorphism. Since the unitary group of the multiplier algebra of a stable 
C*-algebra is path-connected, a^ifi) ®idK is homotopic to the identity in Aut(A(8']K). Let 
{7t}tG[o,i] be a path from id^^K to «(! q) (X) idnc- Define a homomorphism vr : ^4 IK — > 
C{T) (g) (A ® IK) by 

7r(a)(t) = (7^^^ o (q(o^i) (g) idK) o 7j)(a) 

for a € A ® IK and t G [0, 1]. We can see that the homotopy class of vr does not depend 
on the choice of the path {7i}t, because a(o,i) ® idK is homotopic to the identity. Let 
Ja '■ A^K ^ C(T) (g) (g) IK) be the homomorphism defined by jA{a) = 1c(t) ^ We 
put 

^>(a) = KK{7:) - KK{3a) 
and regard it as an element of KK{A, S iSi A). 

Remark 8.1. Sergey Neshveyev kindly informed the authors of the following fact: to the 
Z^-action a, one can associate a principal Aut(^ K)-bundle over in a standard way, 
and our invariant $(a) is essentially the usual obstruction class in H'^ (T'^ , 7ri{Aut{A(dK))) 
for the existence of a continuous section. We will come back to this point elsewhere. 

Lemma 8.2. The above KK^-class ^{a) satisfies Ko{^{a)){[l]) = 0. 
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Proof. Since a(i,o) is homotopic to an inner automorphism, say Adwo, we may assume 
that the homotopy 7 is of the fohowing form: 




Adw{t), 0<t<l/2, 
7; idK, 1/2 <t< 1, 



where {w(t)}o<t<i/2 is a continuous path from 1 (g) 1 to t^o (8) 1 in the unitary group of 
M{A0K), and {7j}i/2<t<i is a continuous path from Adwo to a(i,o) iii Aut(A). Let e be 
a minimal projection of IK. Then all we have to show is that the projection loop 7r(l(8'e)(t) 
is homotopic to the constant loop 1 e. For 1/2 < t < 1, there is nothing to show. For 
<t < 1/2, we have 7r(l(8)e)(t) = Adw'{t){l(^e), where w'{t) = t(;(i)*(a(o,i) (8)idK)(w(t)). 
Note that 'w'{l/2) = Wo'^(o,i)(w^o) ^ 1; and Wo'^(o,i)('"^o) is trivial in Ki{A). Since the 
unitary group of M{A IC) is contractible [281 Theorem 16.8], its fundamental group 
is trivial, and so the continuous path {?y'(t)}o<t<i/2 is homotopic to that of the form 
{w"{t) (g) l}o<t<i/2 within the set of continuous paths from 1 (g) 1 to ?i;o'^(o,i)(tfo) <S) 1. This 
finishes the proof. □ 

Lemma 8.3. Let a, f3 : 1? A he two locally KK-trivial 1? -actions on a unital Kirchberg 
algebra. If a and (3 are KK -trivially cocycle conjugate, then ^{a) = $(/3). 

Proof. We may assume that there exists an a-cocycle {un}n&? in ^ such that /3„ = 
Adunooin for all n G 1?. Let w be the unitary operator on ^^(Z) defined by u; = ep+i,p, 
where {ep^q}p,q is a family of matrix units. Take a path of automorphisms {7t}tg[o,i] of 
j4 (g) K (8) IK from the identity to «(! q) ® Adw (8) idjc- Define a homomorphism vr from 
yl O IK O IK to C(T) ® (g) K (g) K) by 

7r(a)(t) = (7^"^ o (a(o,i) (g idjK (g Ad w) o7f)(a). 

Since there exists a path of unitaries from tt; to 1, it is easily seen that ^{a) is equal to 
KK{Tr) - KK{jA). Put 

V = ^ U(^p^q) (g Cp^p (g eq,q. 

Then one has 

^(«(i,o) (g AdtD (g) id]K)(v*) = ti(i,o) (gi 1 <gi 1 

and 

^(o(o,i) <8)idK<gAd?i;)(w*) = n(o,i) (g) 1 (g 1, 

which imply 

7r(a)(t) = (7^""^ o Ad o (/3(o,i) id^ (g) Ad o Adu o 7f)(a), 

and {Adw 07^0 Adu*}^ is a path from the identity to /3(i,o) ® Adw (g) ids. Consequently 
$(/?) = KK{tt) — KK{jA): which completes the proof. □ 

Proposition 8.4. Let A be a unital Kirchberg algebra. For any x G KK{A, 5 (g) A) 
with Kq{x){[1]) = 0, there exists a locally KK-trivial outer action a :1? nv A such that 
<!>(«) = X. 
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Proof. Choose an aperiodic automorphism 7 G Aut(C'oo) which is homotopic to the iden- 
tity and let {7t}te[o,i] be the homotopy from the identity to 7. By [5, Proposition 5.7], we 
can find a path of automorphisms {ctltefo,!] of A such that do = ci and the /Ci^-class of 
the homomorphism 

ABa^ {at{a))te[o,i] G C{T) ^ A 

is equal to x + KK(jA)- We regard {(Jt)t as an automorphism of C([0, 1])® A. By replacing 
A and {at)t with AiS)Ooc and {(Jt'^^)t, we may assume that {at)t has the Rohlin property. 
Let p be an aperiodic automorphism of A which is homotopic to the identity. Then the 
automorphism id(7([o,i]) '^P of C([0, 1]) A also has the Rohlin property. Moreover, the 
two homomorphisms 

A3 {at{a))teC{[0,l])(^A 

and 

A3 a^l(^ p{a) G C([0, 1]) A 

clearly have the same i^ET-class. By Theorem 12.61 (2). they are asymptotically unitarily 
equivalent. It follows that {at)t and idc([o,i]) ®/0 are asymptotically unitarily equivalent 
as automorphisms of C([0,1]) A. Then we can apply the argument of \2d\ Theorem 
5] and conclude that {at)t and idcQo.i]) '^P are i^i^-trivially cocycle conjugate (note that 
(C([0, 1]) (g) A)^ contains a unital copy of Coo and [20l Theorem 7] works for C([0, l\)(E)A). 
Hence there exist a path of automorphisms {pt}te[o,i] of A and a path of unitaries {^^t }te[o,i] 
such that KK[pt) = 1 and 

Ad Ut o p = pt o at o p^ 

for all t € [0, 1]. By replacing pt and at with pt o p^^ and po o at o p^^ , we may assume 
that po = idA- Furthermore, by replacing ut and p with utUQ and Adtio o p, we may also 
assume that uq = 1. Thus, p = ao = ai and 

Adui o p = o 0"! o p^^ = p^o po p^^ , 

which means that p and pi give a cocycle action of 7?. By replacing A, p and pt with 
A (g) Ooo <X> Ooo, p (8) 7 (8) idooo pt ® ido^^ (8)7t, we may further assume that p and pi 
give an outer cocycle action. Since [ui] = in Ki(A), Proposition 17. IOI implies that there 
exist unitaries a,b A such that 

bpi{a)uip{b)*a* = 1. 

In addition, from the construction, we can see that [b] = in Ki{A). Let {6t}tg[o,i] be 
a path of unitaries from 1 to b. By replacing p, at, pt and ut with Ada o p, Ada o at, 
Adbt o Pt and btpt{a)utp{bt)* a* , we get po pi = pio p and ui = 1. 
Consequently, one has 

Pt^ o po pt = Kdp^^{ul) o at 
for all t G [0, 1] and {p^^{ul))t is a unitary in C(T) (8) A. Therefore, the i^iC-class of 

A3 i{p^^ o po pt){a))t G C(T) ^ 
is equal to x + KK^Ja)- The Z^-action generated by p and /xi is the desired one. □ 



38 



Using Proposition 18.51 below and working on Homx(j4 xi Z, A xi Z), we can prove Propo- 
sition [83] without using O Proposition 5.7]. 

Next we will prove Proposition 18.51 We must recall a few basic facts about crossed 
products. Let p be an automorphism of a unital C*-algebra A. We let j4 XpZ x^R denote 
the crossed product of A Xp Z by p which is regarded as an M-action, and let A Xp Z Xp T 
be the usual crossed product by the dual action p : T ^ Xp Z. As described in [H 
Proposition 10.3.2], there exists an isomorphism between A Xp Z x^ M and the mapping 
torus 

M. = {/ : [0, 1] ^ ^ Xp Z x^ T I /(I) = ^(/(O))}. 

Let w be the unitary operator on ^^(Z) defined hy w = X^pCp+i^p, where {ep^g}p_g is a 
family of matrix units. Then, by Takesaki-Takai duality, {A yi pZ, yi ^ T,/?) is conjugate to 
(A(8)]K, /9(g) Adw), and so there exists an isomorphism (p from AxpZx^Mto the mapping 
torus 

Mp^AAu, = {/ : [0, 1] ^ ^ ® K I /(I) = {p®kd u;)(/(0))}. 

Suppose (T is in Hom'f(j4 XpZ, j4 XpZ). We denote its canonical extension to j4XpZXpM 
by the same symbol a. Define a unitary v G M{A K) by 

It is not so hard to see 

i^oao <^-i)(/)(t) = (Ad^;* o (a idK))(/(t)). 

Proposition 8.5. Let a, (5 : 1? nv A he two locally KK -trivial outer actions of 1? on a 
unital Kirchherg algebra. If^{a) = $(/?), then a and (3 are K K -trivially cocycle conjugate. 

Proof. Put p = 0(1,0)- By Lemma [2.10( the Z-action induced by p is asymptotically 
representable. Let 93 be the isomorphism between A Xp Z Xp M and the mapping torus 

Mp^Adw = {f ■.[0,1]^A®K\ /(I) = {p®Ad w){f{0))}. 

as described above. Take a path of automorphisms {7t}te[o,i] such that 

70 = idA^K and 71 = p (g) Ad w = a(i,o) Ad to. 

Then, 'il){f ){t) = ^i^^{f{t)) gives an isomorphism from Mp^Adw to C(T) (g) Letting 

X G KK{S!S){A XpZ), A XpZ XpE) 

be the Thom element, we have a i^Ti^-equivalence 

z = x- KK{iP o (^) G KK{S ® {A Xp Z), C(T) ® A). 

We let 0(0,1) denote the canonical extension of a(o,i) to A yipZ = A Xa(iQ) Z. The 
automorphism a(o,i) further extends toAXpZx^M and we use the same symbol for it. 
It is easy to see that 

x~'^ ■ KK{ids (g)Q;(o,i)) • x = KK{a(^Q^i)) 
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and 

(-0 o o 0(0^1) o 99-1 o iJ~^){f){t) = (7i"^ o (q(o^i) (g) idK) o -ft){f{t)) 

for all / G C(T) (g)^ (g)]K and t G [0, 1]. It follows that • KK{ids i8)a(o,i)) • equals the 
KK-class of the automorphism (7^"^ o (a(o,i) idu) o 7^)^ of C(T) (g) A (g) K. 

We now turn to the action /?. By Theorem 12.91 we may assume that there exists an 
«(! o)-cocycle {un}nez such that /3(„^o) = Adti„oa(„ g) n G Z. One can extend /3{o,i) 

to /3(o,i) £ Hom'f(^ Xp yl Xp Z) by setting 

Define unitaries u,v G M{A^'K) by 

ti = ^ tip (g) ep_p and w = (/3(o,i) ® idK)(u*)n. 

The automorphism /3(o,i) further extends to A xipZ XpM and we use the same symbol for 
it. It is easy to see that 

■ KK{ids 0/3(0,1)) • X = i^i^(^(o,i)). 
By the observation before this proposition, we also have 

= (7r' o Adt;* o (/3(o,i) idnc) o -ft){f{t)) 

= {-f^^oAdu* o (/3(o,i) Oidg) o Adno7i)(/(t)) 

for all / G C(T) O A O IK and t G [0, 1]. Put fit = Adn o 7^ o Adn*. Then {at}te[o,i] is a 
path from the identity to /?(i,o) A.dw, and • i^i^(id5 (8/3(0,1)) • equals the i^TiiT-class 
of the automorphism {a^^ o (/3(o,i) (g idnc) ° o't)t of C(T) (g A (g K.. 
From <I>(a) = <I'(/3), the two homomorphisms 

A(gKBa^ ((7^-^ o (q(o,i) (g) idK) o 7t)(a))t G (^(T) O A O K 

and 

A0K3a^ ((cr-^ o (/3(o_i) (g) idK) o o-i)(a))t G C'(T) ^ (g K 

have the same iiTiT-class in KK(A,C{T) (g A), and so they are asymptotically unitarily 
equivalent by Theorem l2.6l (2). Therefore the two automorphisms (7^""^ o (a(o,i) <gidK) o7t)t 
and ((Tj~^ o (/3(o,i) <g idic) o crt)t of C(T) (g ^ g) K have the same KK-class. Thus, 

z-^ ■ KKiids 05(0,1)) ■z = z-^ ■ KKiids <g/3(o,i)) • z, 

and so i^i^(Q;(o,i)) = -fr-fr(/3(o,i)) in KK{A XpZ,A XpZ). Applying Theorem 14.111 we can 
conclude that a and (3 are outer conjugate by an automorphism such that KK{^) = 1a- 
Corollary 16.51 (and its proof) tells us that a and (3 are ETET-trivially cocycle conjugate. □ 

By Proposition 18.41 and 18. 5^ we get the following. 
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Theorem 8.6. Let A be a unital Kirchberg algebra. There exists a bijective correspondence 
between the following two sets. 

(1) KK-trivially cocycle conjugacy classes of locally KK-trivial outer 1? -actions on A. 

(2) {x G KK{A, S®A)\ Kq{x){[1]) = 0}. 
Example 8.7. When A is the Cuntz algebra O^, 

{x e KK{A, S®A)\ Kq{x){[1]) = 0} 

is isomorphic to Ext(Z/(n— 1)Z, 1)Z) = 1)Z. It follows that the cocycle 

conjugacy classes of outer Z^-actions on On correspond to Z/(n— 1)Z. 

Next we consider the non-unital case. For a locally i^if-trivial Z^-action a : 1? r\ A 
on a non-unital Kirchberg algebra ^4, one can define <I>(a) G KK{A, S CS) A) in a similar 
fashion to the unital case. In the same way as Lemma 18.31 one can show that $(a) is an 
invariant of i^i^-trivially cocycle conjugacy. 

Theorem 8.8. Let A be a non-unital Kirchberg algebra. There exists a bijective corre- 
spondence between the following two sets. 

(1) KK-trivially cocycle conjugacy classes of locally KK-trivial outer Z"^ -actions on A. 

(2) KK{A,S(^A). 

Proof. We may assume that A = Aq^M. and Aq is a unital Kirchberg algebra in the Cuntz 
standard form. We let {ep^q}p^q^z denote a family of matrix units of K. 

For any x € KK{A, S^A) = KK{Aq, S®Aq), by Proposition [831 there exists a locally 
i^i^-trivial outer Z'^-action a on Aq such that <I>(a) = x. Then clearly $(a (8) idg) = x. 

Let a -.1? r\ A he a. locally i^JC-trivial outer action. Choose partial isometrics uq^vq 
in A so that 

UQul = l®eQfl, ■"S'^o = 0(1,0) (1 <^ eo,o) 

and 

vqvI = 1 (g) eo,o, v^vq = 0(0,1) (1 ® eo,o)- 
Define unitaries u,v (z M{A) by 



(1 g) ep,o)tioa{i,o)(l <^ eo,p) and = y^(l ep,o)t'oa(o,i) (1 <^ ep^p). 



Then (Adu o a(i_o))(l ^ ^p,q) = 1 <^ and (Adv o a(o,i))(l ® ^p,q) = 1 <^ ep,q for all 
p,q & Z. In addition, na(i^o)(^)Q^(o,i)(^*)^* commutes with 1 Cp^q. It follows that there 
exist p,a G Aut(j4o) and w G U{A) such that 

Ad n o Q(i^o) = P ® idiK, Ad ?; o a(o,i) = cr (g) ids 

and 

""0^(1,0) (^)q^(o,i) {u*)^* = w 1, p o a = Ad w o a o p. 
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By Corollary 17. 12t there exists a,b £ U{Aq) such that 



(Ad a o p) o (Ad boa) = (Ad boa) o (Ad ao p) 

and 

ap{b)wa{a*)b* = 1. 

Let /3 be a Z^-action on Aq induced by Ada o p and Adb o a. The two unitaries (a <8) 1)« 
and (6 (8) l)f of M{A) give rise to an a-cocycle and f3 ids is the cocycle perturbation of 
a. Since $(a) = $(/3 ^ ids) = $(/?), we can complete the proof by Proposition 18.51 □ 
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